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FOREWORD

This book has been written for the International Baccalaureate Diploma Programme course Mathematics:
Analysis and Approaches SL, for first teaching in August 2019, and first assessment in May 2021.

This book 1s designed to complete the course in conjunction with the SL Mathematics
Mathematics: Core Topics SL textbook. It 1s expected that students will ¢ WAEss mATHEmATICS
start using this book approximately 6-7 months into the two-year course, Mathematics
upon the completion of the Mathematics: Core Topics SL textbook.

The Mathematics: Analysis and Approaches courses have a focus on
algebraic rigour, and the book has been written with this focus in mind.
The material 1s presented 1in a clear, easy-to-follow style, free trom
unnecessary distractions, while effort has been made to contextualise

questions so that students can relate concepts to everyday use. # WAESE MATHEMATICS
Each chapter begins with an Opening Problem, offering an insight into the |ty
application of the mathematics that will be studied in the chapter. g

Important information and key notes are highlighted, while worked ==

examples provide step-by-step instructions with concise and relevant | EEE—
explanations. Discussions, Activities, and Investigations are used

throughout the chapters to develop understanding, problem solving, and

reasoning.

In this changing world of mathematics education, we believe that the contextual approach shown in this
book, with the associated use of technology, will enhance the students’ understanding, knowledge and
appreciation of mathematics, and its universal application.

We welcome your feedback.

Email: 1nfo@haesemathematics.com Web:  www.haesemathematics.com

PMH, MAH, CS, NV
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ONLINE FEATURES

With the purchase of a new textbook you will gain 24 months subscription to our online product.
This subscription can be renewed for a small fee.

Access is granted through SNOWFLAKE, our book viewing software that can be used in your web
browser or may be installed to your tablet or computer.

Students can revisit concepts taught in class and undertake their own revision and practice online.

COMPATIBILITY

For 1Pads, tablets, and other mobile devices, some of the interactive features may not work. However,
the digital version of the textbook can be viewed online using any of these devices.

REGISTERING

You will need to register to access the online features of this textbook.

Visit www.haesemathematics.com/register and follow the instructions. Once registered, you can:
e activate your digital textbook
e use your account to make additional purchases.

To activate your digital textbook, contact Haese Mathematics. On providing proof of purchase, your
digital textbook will be activated. It is important that you keep your receipt as proof of purchase.

For general queries about registering and subscriptions:
e Visit our SNOWFLAKE help page: https://snowflake hacsemathematics.com.au/help
e (ontact Haese Mathematics: info(@haesemathematics.com

SELF TUTOR

a8 . , )
Simply ‘click’ on the EDEZIRME (or anywhere in the example box) to access the worked
example, with a teacher’s voice explaining each step necessary to reach the answer.

Play any line as often as you like. See how the basic processes come alive using

kmovement and colour on the screen. )

~ Example3 <) Self Tutor

Solve for  on the domain 0 < z < 27

a CDS$=—§ © 2sinz—1=0 C tan$+\/§:U
a cosz = Vf b 2sinz—1=0 C tan$+\/§:O
SInx = % C. tanx = —\/g
A A
o
3
o7
v v
r — 2% or I =X or2¢ . p = 2% or 2
6 6 Lt 6 6 -t 3 3

See Chapter 9, Trigonometric equations and identities, p. 228
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INTERACTIVE LINKS

Interactive links to in-browser tools which complement the text are included to

assist teaching and learning.
Icons like this will direct you to:

printable pages to save class time.

interactive demonstrations to illustrate and animate concepts
games and other tools for practising your skills
graphing and statistics packages which are fast, powerful alternatives to using a graphics calculator

ICON

Save time, and

— make learning easier!
Angle relationships Iﬁ_Q
The x-coordinate of P, is the same as the y-coordinate of P,. The y-coordinate prev -
of P, is the is the same as the xr-coordinate of P». These relationships are the
complementary angle formulae. o *
)
1,y | )
-_—y s —0),sin(% —0))
Y=g sin(3 — 0) = cos0 Normal probability distribution ©
cos(5 — 60) =sinf
. Y
- 1
i P,(cos@,sinf)
0.8
0.6
1 0.4
; 0.2
>
. -6 -5 -4 -3 -2 -1 1 2 3 4 5 6 4
See Chapter 9, w: o
Trigonometric equations and identities, p. 234 v
—3 —2 —1 0 1 2 3
g 0.75
0.5 0.75 | 1.25 1.5 1.75 -

See Chapter 21, The normal distribution, p. 509

TOR INSTRUCTIONS

Graphics calculator instruction booklets are available for the Casio fx-CG50, TI-84 Plus CE,
TI-nspire, and the HP Prime. Click on the relevant icon below.

CASIO

fx-CG50 TI1-84 Plus CE

available from i1cons within the text.

2 % B B

When additional calculator help may be needed, specific instructions are

Tl-nspire HP Prime

GRAPHICS
CALCULATOR
INSTRUCTIONS
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SYMBOLS AND NOTATION USED IN THIS COURSE

IV
S v o
\V;

VA

AW 8 A

I\

the set of positive integers and zero,
{0, 1, 2, 3, ...}

he set of 1rrational numbers

t

t

the set of rational numbers
t

the set of real numbers

t

he set with elements z1, 22, ..

the number of elements in set A

the set of all & such that

1s an element of
1s not an element of
the empty (null) set
the universal set

union
intersection

1s a proper subset of

1s a subset of

the complement of the set A

1
a to the power of —, nth root of a
T

(if a >0 then /a > 0)

1
2
(if a >0 then /a > 0)

the modulus or absolute value of x

i ctorx =20 xR
—rforx <0 zelR

a to the power square root of a

| =

h,

identity or 1s equivalent to
1s approximately equal to

1s greater than

1s greater than or equal to

1s less than
1s less than or equal to

1s not greater than
1s not less than

the nth term of a sequence or series

he set of integers, {0, £1, +2, +3, ...

he set of positive integers, {1, 2, 3, ....

f:rax—uy
f(z)
f—l
fog

lim f(x)

rL—ra

dy
dx

f'(x)

log,, @

Inx

sin, cos, tan

sin™ 1,

cos !, tan™

the common difference of an
arithmetic sequence

the common ratio of a geometric
sequence

the sum of the first n terms of a
sequence, uj + ug + .... + Uy

the sum to infinity of a sequence,
U1 + U9 + ....

U + U + ... +Up

nx(n—1)x(n—2)x...x3x2x1

the ™ binomial coefficient,
r=20,1, 2, .... 1n the expansion of

(a+b)"

f 1s a function which maps x onto y
the 1mage of x under the function f
the inverse function of the function f
the composite function of f and g

the limit of f(x) as = tends to a

the derivative of y with respect to «

the derivative of f(x) with respect
to

the second derivative of y with
respect to

the second derivative of f(x) with
respect to x

the indefinite integral of y with
respect to x

the definite integral of y with respect
to x between the limits x = a and
x=2>b

exponential function of x

the logarithm in base a of x

the natural logarithm of =, log,

the circular functions

the inverse circular functions
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AB
(AB)

CAB
AABC

P(A)
P(A)
P(A| B)

L1e LDy oes

f1s J2, .-

P1, P2, -

the point A 1in the plane with
Cartesian coordinates = and y

the line segment with end points
A and B

the length of [AB]

the line containing points A and B
the angle at A

the angle between [CA] and [AB]

the triangle whose vertices are
A, B, and C

is parallel to
is perpendicular to

probability of event A

probability of the event ‘not A°

probability of the event A given B

observations of a variable

frequencies with which the
observations xi, xg, T3, ..... occur

probabilities with which the
observations i, Ta, T3, ..... occur

the probability distribution function
of the discrete random variable X

the probability mass function of a
discrete random variable X

the expected value of the random
variable X

population mean

population standard deviation

population variance

sample mean

sample variance

standard deviation of the sample

binomial distribution with parameters
n and p

normal distribution with mean p and

variance o2

1s distributed as
T — p

standardised normal z-score, z =
a

Pearson’s product-moment
correlation coefficient
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THEORY OF KNOWLEDGE

Theory of Knowledge 1s a Core requirement in the International Baccalaureate Diploma Programme.

Students are encouraged to think critically and challenge the assumptions of knowledge. Students
should be able to analyse different ways of knowing and areas of knowledge, while considering different
cultural and emotional perceptions, fostering an international understanding.

The activities and discussion topics in the below table aim to help students discover and express their
views on knowledge issues.

Chapter 3: Functions THE SYNTAX OF MATHEMATICS

IS MATHEMATICS AN INVENTION
p- 156| OR A DISCOVERY?

Chapter 7: The unit circle and radian measure MEASURES OF ANGLE
p. 180

Chapter 10: Reasoning and proof )56 DEFINITIONS IN MATHEMATICS
p.

Chapter 10: Reasoning and proof AXIOMS
p. 258

Chapter 6: Logarithms

Chapter 11: Introduction to differential calculus ZENO’'S PARADOXES

p. 271

Chapter 14: Applications of differentiation 15 SNELLS LAW
p.

Chapter 19: Bivariate statistics MATHEMATICAL EXTRAPOLATION
Chapter 19: Bivariate statistics 17 LINEAR REGRESSION
p.

THEORY OF KNOWLEDGE

Snell’s law states the relationship between the angles of incidence lr'rI.I.'T:.. N
and refraction when a ray of light passes from one medium to 8 - N
another with different optical density. It was first discovered in ‘

984 AD by the Persian scientist Ibn Sahl, who was studying f*’i i :
the shape of lenses. However, it 1s named after Willebrord | & |
Snellius, who rediscovered it during the Renaissance. The law | E

was published by René Descartes in his Discourse on the Method | &

published in 1637. |

Willebrord Snellius

In the figure alongside, a ray passes from A to B via point R.
We suppose the refractive indices of the two media are n and
m, the angle of incidence is «, and the angle of refraction is (3.

Snell’s law states that: mnsina = m sin (3.

The law follows from Fermat’s principle of least time, which
says that a ray of light travelling between two points will take
the path of least time.

1 Is optimisation a mathematical principle?

2 Is mathematics an intrinsic or natural part of other
subjects?

See Chapter 14, Applications of differentiation, p. 359
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GEOMETRIC FACTS

TRIANGLE FACTS

e The sum of the interior angles of a triangle 1s 180°. “PACKAGE.

e In any isosceles triangle:

» the base angles are equal

» the line joining the apex to the midpoint of the base bisects
the vertical angle and meets the base at right angles.

QUADRILATERAL FACTS

e The sum of the interior angles of a quadrilateral is 360°.

e A parallelogram is a quadrilateral which has opposite sides parallel.

= Properties: GEOMETRY
» opposite sides are equal in length
» opposite angles are equal in size
-

» diagonals bisect each other.

e A rectangle 1s a parallelogram with four equal angles of 90°.
n . O Properties? | GEOMETRY
» opposite sides are parallel and equal

» diagonals bisect each other

- - - » diagonals are equal in length.

e A rhombus 1s a parallelogram 1n which all sides are equal 1in length.

Properties: CACKAGE
» opposite sides are parallel
» opposite angles are equal in size
» diagonals bisect each other at right angles
» diagonals bisect the angles at each vertex.

e A square 1s a rhombus with four equal angles of 90°.
: ies: GEOMETRY

] C Propertles: | A G

» opposite sides are parallel

» diagonals bisect each other at right angles

» diagonals bisect the angles at each vertex

] . [ .- | :
' » diagonals are equal in length.

e A trapezium 1s a quadrilateral which >
has a pair of parallel opposite sides.

e A Kkite 1s a quadnilateral which has two pairs of adjacent sides equal 1n length.
Properties:

» one diagonal 1s a line of symmetry

» one pair of opposite angles are equal

» diagonals cut each other at right angles

» one diagonal bisects one pair of angles at the vertices
» one of the diagonals bisects the other.
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CIRCLE FACTS

Name of theorem

Statement

Angle in a semi-circle

The angle 1n a
semi-circle 1s a right
angle.

Diagram
. ABC = 90°
GEOMETRY
PACKAGE

X

Chords of a circle

The perpendicular from
the centre of a circle to a
chord bisects the chord.

AM = BM

GEOMETRY
PACKAGE

-~

Radius-tangent

The tangent to a circle
is perpendicular to the
radius at the point of
contact.

OAT = 90°

GEOMETRY
PACKAGE

-~

Tangents from an
external point

Tangents from an
external point are
equal 1n length.

AP = BP

GEOMETRY
PACKAGE

-~

Angle at the centre

The angle at the centre of
a circle 1s twice the angle
on the circle subtended
by the same arc.

AOB = 2 x ACB

GEOMETRY
PACKAGE

-~

Angles subtended
by the same arc

Angles subtended by an
arc on the circle are equal
In size.

D ADB = ACB

GEOMETRY
PACKAGE

-~

Angle between a
tangent and a chord

The angle between a
tangent and a chord at the
point of contact 1s equal
to the angle subtended by
the chord in the alternate
segment.

C BAS = ACB

GEOMETRY
PACKAGE

X




[3

USEFUL FORMULAE

PERIMETER FORMULAE
b T
w a rf ﬂ
[ [ ¢
square rectangle triangle circle arc
P = 4l P =2(l + w) P=a+b+c C =2nr | = (525) 27T
360
or C = nd
AREA FORMULAE
Shape Diagram Formula
Rectangle width A = length x width
length
Triangle /\?ifhtM A = % X base X height
base base
Parallelogram hfight A = base X height
base
(1
Trapezium : g
o RN a=(557) <
Trapezoid ! .
b
Circle A = wr?
_ (9 2
Sector A = (—) X T
360
-
SURFACE AREA FORMULAE
RECTANGULAR PRISM
/'? // )
______ A = 2(ab + bc + ac)
oo b
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CYLINDER

Object

Outer surface area

Hollow cylinder

A = 27nrh
(no ends)

A = 2nrh + ©wr?

CONE
Object Outer surface area
Open cone A = 7rs
(no base)

hollow (one end) Solid cone | A = wrrs + wr?
—5, (solid)
h
------ ol
—
r solid
Solid cylinder | A = 27wrh + 27r?
solid (two ends)
D,
h
...... ]V
—
r solid
SPHERE
A = 47r?
VYOLUME FORMULAE
Object Diagram Volume
/"-—'——--—-——\\. ‘#”
Solids of — l
uniform height r/ V = area of end X length
cross-section I . r/ ;
c1l
\“_‘sgrg < height -

Pyramids

V = 1l(area of base X height
and cones 3 ( ight)
Spheres V =2nr?




The binomial
theorem

Contents: A Factorial notation
8 Binomial expansions

€ The binomial theorem




16  THE BINOMIAL THEOREM (Chapter 1)

OPENING PROBLEM

The cube alongside has sides of length (a + b) cm. Its
volume is (a + b)° cm®.

The cube has been subdivided into smaller blocks by — /

making 3 cuts parallel to the cube’s surfaces as shown. —

Things to think about: e
a How many blocks have been created?

b How many blocks are:

b cm ; ;

ANIMATION S — a cm
I abyabya @ e ba“’?cm
i abyabyb
iii abybbybd
iv bbybbyb?
¢ By adding the volumes of the blocks, can you write an expression which i1s equivalent to
(a + b)3?

The sum a 4+ b 1s called a binomial as it contains two terms.

Any expression of the form (a + b)™ is called a power of a binomial.

In this Chapter we derive a concise formula for the binomial expansion of (a + b)". However, before
we can achieve this, we need some notation associated with combinations.

FACTORIAL NOTATION

For n > 1, n! is the product of the first n positive integers.
n!'=nn—1)(n—2)....3 x2x1

n! 1s read “n factorial”.

For example, 5 x4 x3 x 2 x 1 = 5!

An alternative definition of factorial numbers is that nl=nx(n-—1) for n>1.

For example, 6! =6 x 5!

Under this rule we notice that 1! =1 x 0!

We therefore define 0l =1

DISCUSSION

e [s the definition 0! =1 *“arbitrary”?

e Is it logical to extend the definition of factorials to include 0!, even though it 1s not meaningful
in the context of the original definition *“product of the first n positive integers™? Can you think
of other areas of mathematics in which a definition is similarly expanded?
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(Chapter 1)

Express in factorial form:

o) Self Tutor

11 x 10 x99 x &

a 9x8xT7T b
4 x 3 x2x1
m
- 9><8><7—9><8X7X6>{5X4>{3>{2>{1—g‘
6xXx5x4x3x2x1 6!
11><10><9><8_11><10><9><8><7><6><5><4><3><2><1_11!
4 x3x2x1 4 X3X2X1IXTX6x5x4x3x2x1 417!
EXERCISE 1A
1 Evaluate:
a 2! b 3! ¢ 4! d 5! e 6! f 10!
2 Express in factorial form:
a 4x3x2x1 b "Tx6xbx4x3x2x1 c 6x5H
d 8xX7x6 e 10x9x8xT 15 x 14 x 13 x 12
Ox 87T 13 x 12 x 11 x 10 15 x 14 x 13 x 12 x 11
3 x2x1 4x3x2x1 hbx4x3x2x1
3 Simplify without using a calculator:
7! 8! 12! 120! E 10! 100!
§) 6! 10! 119! &! x 21 08! x 2!
&  Simplify:
n! b (n+2)! . (n+1)!
(n —1)! n! (n —1)!

We have often used the perfect square expansion:

We can use this rule to expand

(a+b)° =

(a + b)° as follows:
-b)(a + b)?

S50 BINOMIAL EXPANSIONS

(a +b)* = a® + 2ab + b°.

{perfect square expansion}

+ 2a2b + ab?
4+ a’b 4+ 2ab?
— a® + 3a°b + 3ab?

The binomial expansion of (a -

( ]
(a +b)(a® + 2ab + b*)
{13

4 B3
13

- b)? is a® -

The binomial expansion of (a

{collecting like terms}

- 2ab + b2

b)? is a®

3a’b + 3ab?

b3

In the following Investigation we will discover a method to expand (a + b)™ for higher integer values

of n.
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THE BINOMIAL EXPANSION

What to do:
1 Expand (a+ b)* using (a+b)* = (a+b)(a +b)>.

2 Hence expand (a + b)® using (a+ b)(a + b)%.

3 The cubic expansion (a+b)® = a® + 3a°b+ 3ab® + b contains 4 terms. They are written in
order so that the powers of a decrease. We observe that their coefficients are: 1 3 3 1

a With the terms written in this order, what happens to the powers of b?

b Does the pattern in @ continue for the expansions of (a + b)* and (a + b)°?

¢ Use your results to continue this n =1 1 1
pattern of coefficients up to the n =2 1 2 1

case n = . n=3 1 3 3 ] «=— row 3

& The triangle of numbers we are considering 1s called Pascal’s triangle.
a How can each row of Pascal’s triangle be predicted from the previous one?

Predict the elements of the 6th row of Pascal’s triangle.

b
¢ Hence write down the binomial expansion of (a + b)°.
d

Check your result algebraically by using (a + b)°® = (a + b)(a + b)°> and your results

from 2.

You should have observed that in Pascal’s 1 1 row 1

triangle, the values on the end of each row are
. ) I 2 1 row 2

always 1. Each of the remaining values i1s found
by adding the two values diagonally above it. 13 3 1 row 3
1 4 6 4 1 row 4

NN NSNS

1 5 10 10 5 1 row 9

You should have also found that (a + b)* = a* + 4a®b + 6a*b* + 4ab® + b*
= a*b? + 4a3b' + 6a%b® + 4a'b? + a"b?

Notice in this expansion that:

e As we look from left to right across the expansion, the powers of a decrease by 1, while the powers
of b increase by 1.

e The sum of the powers of a and b in each term of the expansion 1s 4.
e The number of terms in the expansioni1s 4 + 1 = 5.

e The coefficients of the terms are row 4 of Pascal’s triangle.

For the expansion of (a + b)" where n € N:

e As we look from left to right across the expansion, the powers of a decrease by 1, while the
powers of b increase by 1.

e The sum of the powers of a and b in each term of the expansion is n.

e The number of terms in the expansion is n + 1.

e The coefficients of the terms are row n of Pascal’s triangle.
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In the following Examples we see how the general binomial expansion (a + b)" may be put to use.

 Example 2 <) Self Tutor

Use (a+0b)® = a’®+ 3a*b+ 3ab® + b> to find the binomial expansion of:
a (2z+3)3 b (z-5)°

a In the expansion of (a + b)® we substitute a = (2z)
and b= (3). (Brackets are essential!)

2z + 3)° = (22)° 4+ 3(27)°(3) + 3(22)*(3)* + (3)°
= 8z° + 3622 + 54z + 27
b We substitute a = () and b= (—5)
(x —5)° = (x)° + 3(2)*(=5) + 3(z)(=5)* + (-5)°
= z°> — 152° + 75z — 125

o) Self Tutor

Find the: i
a b5th row of Pascal’s triangle ©® binomial expansion of (:r — %) .
& 1 1- the 1st row, for (a + b)!

1 2 1
1 3 3 1
1 4 6 4 1

1 5 10 10 5 1<—— the 5th row, for (a + b)°
b Using the coefficients obtained in a, (a + b)®> = a® + 5a*b + 10a’b* + 10a?b> + 5ab* + b°
Letting a = (z) and b= (_—2),

S

@+ 500 (2) #1000 (2) 0 (Z) 4560 (2) + (2)

£ 4 i L 4 i L
2
:$5—10$3+40$—@—|—8—2—3—5
I £ £Z

EXERCISE 1B

1 Use the binomial expansion of (a + b)® to expand and simplify:

a (p+q)° b (z+1)° ¢ (z—3)°
d (2+2x)° e (3z—1)° f (22 +5)°
g (2(1 . b)3 h (3$ B %)3 i 2r + i)?y

(
i (Vz—1)3 k (22 +2) | (:;;2 _ %)3
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2 Use (a+b)*=a*+4a®b+ 6a?b? + 4ab® + b* to expand and simplify:

a (1+az) b (p—q) ¢ (z—2)°
d (3—x)* e (1+2x)* f (2z—3)*
g (22 +b)? h(@+if i @m—if

3 a Expand and simplify:
i (a—0b)° i (a—b)*
b Compare the expansions in a with those of (a + b)? and (a + b)*. Discuss the signs of the
corresponding terms.

4 a Write down the 5th row of Pascal’s triangle.
Hence copy and complete:  (a +b0)° = ......

¢ Find the binomial expansion of:

i (z+2)° i (1—2x)° il (14 22)°
v (z—2y)° v (2% +1)° vi (:c — if

5 a Write down the 6th row of Pascal’s triangle.

Hence copy and complete:  (a+ )% = ......

¢ Find the binomial expansion of:

i (z+2)8 i (22 — 1) Hi($+if

6 Expand and simplify:

a (1++2)° b (V5+2) ¢ (2-V2)
7 a Expand (2+x)°. b Hence find the value of (2.01)°.
8 Expand and simplify:

a (2z+3)(z+1)* b (z—1)2z +1)°
9 Find the coefficient of:

a a’b’ in the expansion of (3a + b)° b a’b® in the expansion of (2a + 3b)°.

ACTIVITY

Suppose “shallow diagonals” are drawn on Pascal’s triangle as shown below:

N

What to do:

1 Find the sum of the numbers in each diagonal.

2 Do you recognise the sequence of numbers formed by your answers to 1? Can you explain why
this occurs?
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"sf THE BINOMIAL THEOREM

For higher powers of a binomial, generating rows of Pascal’s triangle by hand is very tedious. To
efficiently expand (a + b)", we need a general formula for each term of the expansion.

INVESTIGATION THE BINOMIAL COEFFICIENT
PART 1: COUNTING

The mathematical principle of counting is not formally a part of this course. However, 1t 1s necessary
to understand how the binomial expansion (a + b)™ is developed.

Suppose there are 10 members 1n a debating club. 4 members are to be randomly chosen to represent
the club 1in a competition.

What to do:

1 Suppose the members of the club are listed. There are 10 options for who can

. . , Enrique

be listed first, and 9 options for who can be listed second. Amélie
a How many OptiOHS are there for who can be listed: Francesca

I third ii fourth il fifth? Kristian

Betina

b Explain why the total number of orders in which the members can be
listedis 10 x 9 x 8 x ... x3x2x1=10!

2 Now suppose the top four members on the list are the ones chosen to represent the club.

a Explain why the total number of ways in which the first four members can be listed is

10 X9 x&8xT.

b Write 10 x 9 x 8 x 7 in the form 2.

k!

In how many ways could the 6 people not in the team be ordered?

d Complete the sentence: Since the order of the 6 people left out of the team 1s not important,
we divided the total number of orders in which the members can be listed by ......

"

3 State the number of ways in which the 4 members who are in the team can be ordered.

& Hence explain why the total number of ways in which the team of 4 can be chosen from
10!

10 members 18 .
4! %< 6!

5 Now suppose there are n members in the club and » members are chosen for the team. In how
many ways could the team be chosen?

PART 2: THE BINOMIAL COEFFICIENT
Consider the expansion of (a+ b)" = (a + b)(a + b)(a + b)....(a + b).

What to do:

1 Suppose you expanded the brackets completely without simplifying “like” terms. How many
terms would there be?
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2 Each of these terms 1s generated by selecting one term, either a or b, from each of the n sets of
brackets.

a If you choose b r times, how many times do you choose a?
b In how many ways can you choose r lots of b from the n sets of brackets?

¢ When you collect the “like” terms, how many terms of the form «a"~"b" will there be?
This value 1s called the binomial coefficient.

From the Investigation, you should have found that:

e If there are n distinct objects and we choose r of them at a time, the

|
total number of possible combinations is —
(n —r)! x 7l L0 1sreada
We abbreviate this formula as "C,. or ( :f ) “n choose 7~
r
e The value (“) — i 1s called the binomial coefficient
" (n —7r)! x r!

because (') is the coefficient of a”~"b" in the expansion of
(@ 4+ b)".

For a given value of n, we can calculate (”:j) for r=0,1,2,..,n

We can evaluate (") using the formula it DeglFarad
oC2
n\ n! . __
(") S Orour graphics calculator. . >

¥ GRAPHICS
 CALCULATOR

For example, H
_ | Ev A% x ] f INSTRUCTIONS
(5) === = ; = 10. _x! [ nPr [ nCr [ RaND WS
213! 2x1x3x2x1
To find all the values of ( ’f) for a particular it DeglNorm )
value of n, you can use a list on your rhmagx
calculator. .
For example, for n =4 wesee (;) = 1, :
(7)=4,(3) =6, (3) =4 and () =1. 0B DELETE] ROW JNTumGaiEnc
THE BINOMIAL THEOREM
What to do:
o _ p
1 Evaluate this triangle of numbers: Use your calculator to list
( [1;. ) ( i ) the binomial coefficients
( 2 ) ( 2 ) ( 2 ) for each whole row.
0 1 2 /

() N
B

(v) ()
(2)

(o)
(o) (9
) Q) G G G |
o &) G G G G ()

2 Copy and complete: The rth number in the nth row of Pascals triangle is ......
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From the Investigation, you should have observed that the »th number of the nth row of Pascal’s triangle
1S (’f’) where n, r € N, r < n. This confirms that the coefficients in the expansion of (a + b)™ are

the values (") for r=0, 1,2, ..., n.
The binomial theorem states that
(a+b)" =a" + (";’)a.“_lb o (:‘)a’”‘_rb" + veee + B"
=3 (1

where (") is the binomial coefficient of a"~"b" and r =0, 1,2, 3, ..., n.

The binomial theorem allows us to perform a binomial expansion or find a particular term in a binomial
expansion, without having to draw Pascal’s triangle each time.

The general term or (7 + 1)th term in the binomial expansion (a + b)™ is
TT_|_]_ = ('-:)an—rbr_

" Example 4 | <) Self Tutor

12
Write down the first three and last two terms of the expansion of (2$ | l) :
L

Do not simplify your answer.

(2:1: + 1)12 = § (%2)(2z)" " (l)

T =0 x
9.)12 1221111 1221{::12
= 202+ ()20 () + () o0 (1) +
” 71\ 1\ 12
(et (5) +(3)
Example 5 ) Self Tutor
. 4\ L
Find the 7th term of (3:1;— —2) . Do not simplify your answer.
T
—(3z), b= (=2), and n =14
a = (3x), (3:2)’ and n =

Given the general term 7,1 = (":)a”_”*br’*, we let r =06

1= (4) 62 (=2)

72

EXERCISE 1C

1 Write down the first three and last two terms of the following binomial expansions. Do not simplify
your answers.

- 9 15 3 20
a (1+2z) b (3m+—) ¢ (2:5——)
£

£
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2 Without simplifying, write down:
a the 6th term of (2z + 5)'°

)17
T

Z (:L) (—1)Tﬂn_TbT.

r=0

2
T — —
£

¢ the 10th term of (

3 Show that (a — b)”

b the 4th term of (z? + y)g

1

X

)21.

d the 9th term of (2:1:2 —

Example 6

12
In the expansion of (:52 + E) , find:
i i

b the constant term.

a the coefficient of x°
9 4
a=(z°), b= (—), and n = 12
€T

12
r

the general term T4 = (

(
(

12
T

)$24—2r

12
r

a lf 24—3r==6
then 3r =18
r==~0

1y = (12) 68

the coefficient of z° is
(¢ )4% or 3784704.

)(mZ)lz—r (

4

2

4?"‘

K —

$T"

) 4?‘;1724— 3r

o If 24—-3r=20

then 3r = 24
r=328

Ty = (5 )482°
the constant term 1s
('g)4® or 32440 320.

L Consider the expansion of (z + 2)%.
a Write down the general term of the expansion.
b Find the coefficient of z°.
5 Consider the expansion of (z + b)".
a Write down the general term of the expansion.
b Find b given that the coefficient of z* is —280.
6 Find the constant term in the expansion of:
5 \15
d —
(:B i 332)
7 Find the coefficient of:
a z'% in the expansion of (3 + 2x%)°

¢ 2%y° in the expansion of (23:2 — Sy)ﬁ

3 \9
> (v 2)
T — =
b 2 in the expansion of (23:2 — —
d 2'? in the expansion of (2m2 —

3

£L

1

I

:

)12.
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: . 6 . . .
8 Consider the expression (:I:2y — 2y2) . Find the term in which x and vy are raised to the same
power.

9 The third term of (1 + x)™ is 36z°. Find n, and hence find the fourth term.

10
10 Find a if the coefficient of x'! in the expansion of (:1:2 + i) is 15.

a.xr

__Example7

Find the coefficient of z° in the expansion of (z + 3)(2x — 1)°.

(x + 3)(2z — 1)°
(z+3)[(22)° + (9) (22)° (1) + (9) (22)* (1) + ....]
(z + 3)(2%2° — (9)2%2° + (2)2‘4?4 — ...

t | |
(2)()

So, the terms containing x° are (2)2%5 from (1)

and —3(?)25:1:5 from (2)

the coefficient of z° is (5)2* — 3(5)2° = —336

11 Find:

a the coefficient of z* in the expansion of (z +4)(z — 3)°

b the coefficient of z° in the expansion of (x + 2)(z* + 1)®

¢ the term containing z° in the expansion of (2 — z)(3x + 1)°.

12 If (1+kx)"=1—-122+602° —...., n€Z", find the values of k and n.

13 a Write down the first 5 rows of Pascal’s triangle.

Find the sum of the numbers in:

I row 1 i row 2 i row 3 v row 4 VvV T1ow .

¢ Copy and complete: “The sum of the numbers in row n of Pascal’s triangle is ......

d Showthat (1+z)"=(3)+ (])z+(5)z*+....+ (" )a" "+ ()™

e Hence deduce that:
o)+ () +G) -+ H() =2

i (5) = (1) +(G) =)+t (1" () =0
f By considering the binomial expansion of (1 + x)™, find i 2"”(‘:).
r=0

14 a Write down the first four and last two terms of the binomial expansion (3 4 x)".
b Hence simplify 3"+ (7)3" 1+ (5)3" 2+ (5)3" 2 +...+3n+ 1.
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11 (o) (1)
12 1 (5) () ()
1 3 3 1 ) @) @) ()
1 4 6 4 1 o) (1) @) G) @)
1 5 10 10 5 1 o) @) G G G G

These alternative representations of Pascal’s triangle allow us to deduce some properties of the

binomial coefficient ().
For example:

e The values of the coefficients at the end of each row are 1, suggesting that (E’) = 1 and
(M) =1 forall neN.

e The remaining values in each row are found by adding the two values diagonally above fit,
giving us Pascal’s Rule (":) + (,r,_'fl) = (:,,"ill)

e The symmetry of Pascal’s triangle suggests that (":’) — ( " ) forall m,ne N, r<n.

Can you explain, in the context of combinations, why these properties are true?

HISTORICAL NOTE {EOREM

The binomial theorem 1s one of the most important results in mathematics.

The process of multiplying out binomial terms dates back to the
beginning of algebra. Mathematicians had noticed relationships
between the coefficients for many centuries, and Pascal’s triangle
was certainly widely used long before Pascal.

Sir Isaac Newton discovered the binomial theorem in 1665, but he did
not publish his results until much later. Newton was the first person
to give a formula for the binomial coefficients. He did this because
he wanted to go further. Newton’s ground-breaking result included a
generalisation of the binomial theorem to the case of (a+b)" where

n 1S a rational number, such as % In doing this, Newton was the first

person to confidently use the exponential notation that we recognise Sir Isaac Newton
today for both negative and fractional powers.

1 Express in factorial form:

a 8X7TX6xbHhx4x3x2x1 b 10x9x8
2 Simplify:
a n! b n!+ (n+1)!

(n — 2)! n!
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Use the binomial expansion to expand and simplify:

a (z+3)° b (z-2)°
Without simplifying, write down:
a the 5th term of (2x + 3)” b the 8th term of (33: — i)w.
Expand and simplify:
a (5+3)° b (z+3)(zx— 1)
Use the expansion of (4 + )2 to find the exact value of (4.02)°.
Use Pascal’s triangle to expand (a + b)°.
Hence find the binomial expansion of: a (z—3)° b (2 + i)ﬁ

72

12
Find the coefficient of 2~ ° in the expansion of (2;1: — i) :

Find the coefficient of z° in the expansion of (2x + 3)(xz — 2)°.

Find ¢ given that the expansion (1 + cz) (1 + x)* includes the term 22x3.

a Write down the first four and last two terms of the binomial expansion (2 + x)".

b Hence simplify 2"+ (7)2" 14+ ()27 2+ (5)2" ?+....+2n+1.

1

a.r

9
Find the possible values of a if the coefficient of z° in (2:{: | 2) 1s 288.

REVIEW SET 1B

Simplify:  a 3_: b 3%
Express 1n factorial form:
a Tx6x5x4 p Lx10x9
3X2X1
Use the binomial expansion to find:
a (r-—2y)° b (3z+2)*

Find the coefficient of z° in the expansion of (2x + 5)°.

6
Find the constant term 1n the expansion of (2:1:2 — l) .
£
Expand and simplify:
a (2—\/§)6 b (z+3)(2z+1)3

Write down the first three and last two terms of the following binomial expansions. Do not

simplify your answers. ;
1
A
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10
8 Find the coefficient of 2! in the expansion of ( % — 4:1:) :
A

9
9 In the expansion of (39’:2 + l) , find:

I

a the coefficient of 22 b the constant term.

10 The first three terms in the expansion of (1 + kz)", n € Z*, are 1— 4z + L22?. Find k
and n.

11 Find & in the expansion (m — 2n)!® = m!® — 20m?n + km®n? — .... 4+ 1024n'°.

8
12 Find the possible values of g if the constant terms in the expansions of (:1:3 + %) and
J

4
(:1:3 — %) are equal.
£



Chapter

Contents:

TOMMOUNA®DD

Quadratic functions

Quadratic functions

Graphs of quadratic functions
Using the discriminant

Finding a quadratic from its graph
The intersection of graphs
Problem solving with quadratics
Optimisation with quadratics
Quadratic inequalities



30  QUADRATIC FUNCTIONS (Chapter 2)

OPENING PROBLEM

Energy-conscious Misha wants to use solar energy to heat his cup of coffee. He has decided to build
a reflecting surface to focus the sun’s light on the cup.

He understands that the sun’s rays will arrive parallel, and
that each ray will bounce off the surface according to the
law of reflection:

angle of incidence = angle of reflection

~angle of
' incidence

Things to think about:

a What shape should the surface have? angle of

. _ oot
b Can we write a formula which defines the shape of reflection

the surface?

In this Chapter we will study quadratic functions and investigate their graphs which are called parabolas.
There are many examples of parabolas in everyday life, including water fountains, bridges, and radio
telescopes.

We will see how the curve Misha needs in the Opening Problem 1s actually a parabola, and how the
Opening Problem relates to the geometric definition of a parabola.

ACTIVITY 1 | CONIC SECTIONS

A cone 1s right-circular 1f its apex 1s directly above the centre of the
base.

Suppose we have two right-circular cones, and we place one upside-down
on the first. Now suppose the cones are infinitely tall.

We call the resulting shape a double inverted right-circular cone.

When a double inverted right-circular cone 1s cut by a plane, 7 possible
intersections may result, called conic sections:

e a point e a line e a line-pair e a circle
e an ellipse e a parabola e a hyperbola
Click on the icon to explore the conic sections. Sl

You should observe how the parabola results when cutting the cone parallel to its slant
edge.
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QUADRATIC FUNCTIONS

Al

A quadratic function is a relationship between two variables x and y which can
be written in the form y = ax? 4+ bz + ¢ where a, b, ¢ are constants, a # 0.

FINDING y GIVEN <«

For any value of x, the corresponding value of y can be found by substitution.

If y=—22%+3x+1 find the value of y when:
a zr=0 b =2 c = -3.
a When z =0, b When z =2, ¢ When z = -3,
y = —2(0)* + 3(0) + 1 y=—-2(2)2+3(2) + 1 y = —2(—=3)* +3(-3) + 1
=0+0+1 =—-8+6-+1 =—18—-9+1
— 1 =—1 = —26

SUBSTITUTING POINTS

We can test whether an ordered pair (x, y) satisfies a quadratic function by substituting the x-coordinate
into the function, and seeing whether the result matches the y-coordinate.

__Example 2

Determine whether the given point satisfies the quadratic function:
a y=23r°+2z1 (2, 16) b y=-22-2z+1 (=3, 1)
a When z =2, ® When z = -3,
y = 3(2)° +2(2) y=—(—3)"—2(-3)+1

=12 +4 == &Rl
— 16 = —2
(2, 16) satisfies the function " (=3, 1) does not satisfy the function
y = 3z° + 2. y=—x2—2z+ 1.

FINDING = GIVEN y

When we substitute a value for y into a quadratic function, we are left with a quadratic equation. Solving
the quadratic equation gives us the values of x corresponding to that y-value. There may be 0, 1, or 2
solutions.
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%) Self Tutor

If y=a%—2x+ 3, find the value(s) of x when:
a y=2 b y=18.
a If y=2 then b If y=18 then
r° — 24+ 3=2 z° —2x +3 =18
2 —22+1=0 o2t =22 —-15=0
. (x—1)=0 s (z=5)(z+3)=0
=1 S, r=-—30ro
EXERCISE 2A
1 Which of the following are quadratic functions?
a y=2x°—4x+ 10 b y=8x+3
¢ y=—2a° d y:%I—Fﬁ—QL‘?
e 2y+r—3=0 f y—22°=32—-1

2 For each of the following functions, find the value of y for the given value of x:
a y=2°+3x—7 when z=1
b y=—-22°+5xr+2 when = -2
¢ y=32>—2r—5 when z =3
d y=-32°+7r—2 when z=—1

3 Copy and complete each table of values:

a y=x°—-3x+1 b y=a2°+2x-5
-2 -1 0 1 2 x| —-2|-1| 0 1 2
Yy Y
¢ y=2z°—x+3 d y=-32*+2x+4
x| -4 -2 O 2 4 x| —4|—-2] 0 2 4

4 Determine whether the given point satisfies the quadratic function:

a y=2z*+5 (0, 4) b y=2°-3x+2 (2, 0)
¢ y=-—a*+2r-5 (-1, —8) d y=-22° -2 +6 (3, —15)
e y=3z2—4x+10 (2, 10) fy=—22"+42—-1 (2,5)
5 For each of the following quadratic functions, find the value(s) of = for the given value of y:
a y=z*+3x+6 when y=14 b y=a2%—4x+7 when y=3
¢ y=a°>—-6x+1 when y= —4 d y=22°+52+1 when y=4

e y:%wQJr%a?—Q when y =1 f y:—%szrQ:r—l when y = 2



QUADRATIC FUNCTIONS (Chapter 2) 33

B OF QUADRATIC FUNCTIONS

2

The simplest quadratic functionis y = x
be drawn from a table of values.

. Its graph can Ay

r| 3| -2|-1]10 ]| 1|23
y| 91 4 | 1 10114189

The graph of a quadratic function 1s called a parabola.

The point where the graph “turns” is called the vertex.

\

[f the graph opens upwards, the vertex is the minimum parabola

or minimum turning point, and the graph 1s concave
upwards.

‘,axis of symmetry

fd
(N

If the graph opens downwards, the vertex 1s the maximum = —
or maximum turning point, and the graph 1s concave z-intercept
downwards.

-
£

x-1ntercept

y-intercept
The vertical line that passes through the vertex 1s called the
axis of symmetry. Every parabola is symmetrical about its

minimum ——-/
axis of symmetry. vertex

The value of y where the graph crosses the y-axis 1s the y-intercept.

The values of x (if they exist) where the graph crosses the x-axis are called the x-intercepts. They
correspond to the roots of the quadratic equation az? + bx + ¢ = 0.

INVESTIGATION 1 GRAPHING y = a(z — p)(z — q)

In this Investigation we consider the properties of the graph of a quadratic stated in factored form.
It 1s best done using a graphing package or graphics calculator.

GRAPHING
What to do: PACKAGE

1 a Use technology to help you to sketch:
y=@-1-3), y=2@-1)(@-3), y=—-(z-1)(z-3),
y=—3(x —1)(x — 3), and y=—z(x—1)(z — 3)

b Find the xz-intercepts for each function in a.

¢ What is the geometrical significance of a in  y = a(x — 1)(z — 3)?
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2 a Use technology to help you to sketch:
y=2(x—1)(x—4), y=2(x—3)(x—>5), y=2z+1)(x—2),
y = 2x(x + 5), and y =2(x +2)(x+4)
b Find the z-intercepts for each function in a.
¢ What is the geometrical significance of p and ¢ in y = 2(x — p)(x — q)?

3 a Use technology to help you to sketch:
y=2x—-1)% y=2x-3)2  y=2x+2)? and y=227
b Find the xz-intercepts for each function in a.
¢ What is the geometrical significance of p in y = 2(x — p)??
4 Copy and complete:
e If a quadratic has the form y =a(xz —p)(x —q) thenit ...... the z-axis at ......

e If a quadratic has the form y = a(z —p)® thenit ...... the x-axis at ......

INVES GRAPHING y —a(xz — h)?* + k

In this Investigation we consider the properties of the graph of a quadratic stated in completed square
form. It is best done using a graphing package or graphics calculator.

What to do: GRAPHING

1 a Use technology to help you to sketch:
y=(x—-32%+2, y=22-32+2, y=-2(z-3)2+2,
y:_($_3)2+2, atld ‘y:—%(m_g)g_l_g

b Find the coordinates of the vertex for each function in a.

¢ What is the geometrical significance of a in  y = a(x — 3)* + 2?

2 a Use technology to help you to sketch:
y=2(z—-1)2+3, y=2x-2)2+4, y=2x-3)2+1,
y=2($+1)2——4, y:2($+2)2—5, and y:2($+3)2_2

b Find the coordinates of the vertex for each function in a.

¢ What is the geometrical significance of h and k in  y = 2(x — h)? + k?

3 Copy and complete:
If a quadratic has the form y = a(x — h)* + k then its vertex has coordinates ......

Quadratic form, a # 0 Graph Facts

y=a(r —p)(r—q) | e x-intercepts are p and g

where p, g € R B ‘ e axis of symmetry 1s = = P4
p+q

e vertex has xz-coordinate




e
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Quadratic form, a # 0 Graph Facts
y = a(x — h)* n e touches x-axis at h
where h € R e axis of symmetryis = =h

e vertex is (h, 0)

y=a(x—h)*+k z="h e axis of symmetryis =z =h

where h, k € R e vertex is (h, k)

V(h, k)

You should have found that a, the coefficient of 22, controls the width of the graph and whether it opens
upwards or downwards.

For a quadratic function y =az?+bx+c, a +#0:

e a >0 produces the shape \_/ called concave up.

a < 0 produces the shape /\ called concave down.

o If -1 <a<1, a+#0 the graph is wider than y = z°.

If a<—1 or a>1 the graph is narrower than y = x°.

Sketch the graph using axes intercepts, and state the equation of the axis of symmetry:

a y=2(z+3)(x—-1) b y=-2(z—-1)(x—2) ¢ y=z(x+2)°
a y=2z+3)(x—1) b y=-2(z-1)(z—2) ¢ y=z(z+2)?
has x-intercepts —3, 1 has z-intercepts 1, 2 touches x-axis at —2
When = =0, When z = 0, When x =0,
v =2(3)(-1) y = —2(-1)(-2) y= 1(2)?
y-intercept 1S —6 . y-intercept 1s —4 y-intercept is 2
y=2(x+3)(z—1) ty
=AY 1,2 y=3(z+2)> Y}

]Y

sY
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EXERCISE 2B.1

1 Sketch the graph using axes intercepts, and state the
equation of the axis of symmetry:

4 , )
The axis of symmetry
1s midway between \

a y=(z—4)(z+2) b y=—(z—4)(z+2) | D@shlEEEnEL
¢ y=2x+3)(xz+5) d y=-3(x+1)(z+5)
e y=2(x+3)° fy=—3(z+2)3

2 Match each quadratic function with its corresponding graph.

a y=2xz—1)(x—4) b y=—(z+1)(z—4) ¢c y=(r—1)(x—4)
d y=(x+1)(z—4) e y=2x+4)(zr—-1) f y=-3x+4)(x—-1)
g y=2(x+1)(x+4) h y=—(x—1)(z—4) i y=-3(xz—1)(z—4)
A AY B
=1 + 1/_\4 -mr =7 E
\J
o AY E
- - -
T
G H AY
12
= - L L = =
\ x T
\j Y \J
Use the vertex, axis of symmetry, and y-intercept to graph
-
y=—2(z+1)* + 4. y:a(m—h)uﬁ
1s called completed
The axis of symmetry 1s = = —1. V(—1, 4): Ay o oduare form. y

The vertex is (—1, 4).
When =0, y=—2(1)*+4

— 9 =
a < 0 so the shape is /\
r=—1

fd
ALY

N
=Y

vy=—2(z+1)*+4
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3 Use the vertex, axis of symmetry, and y-intercept to graph:
a y=(x—-1)°+3 b y=2(x+2)°+1 ¢ y=-2(x—-1)*-3
d y=32(z—-3)*+2 e y=—3(x—1)°+4 f

L4 Match each quadratic function with its corresponding graph:
a y=—(r+1)*+3 b y=-2(x—-3)?*+2 C

d y=—(z—-1)2+1 e y=(r—2)"-2 f
g y=—xa° h yz—%(m—l)z—l—l i
A AY B AY C

3--

SKETCHING GRAPHS BY “"COMPLETING THE SQUARE"

If we wish to graph a quadratic given in general form vy = ax? + bx + ¢, one approach is to use
“completing the square” to convert it to the completed square form y = a(x — h)? + k. We can then
read off the coordinates of the vertex (h, k).

Consider the simple case y = 2% — 6x + 7, for Y
which a = 1.

y=1x"—6x+7 7

y=2°—6x+3° +7—3°
A N ——

y= (z-3)° — 2

So, the axis of symmetry is = = 3 and the vertex y=x2—6x+7
is (3, —2). - '

E X
When = =0, y =7, so the y-intercept is 7. \/

Fll Y
w1/
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Example 6

Write y = 2% + 42 + 3 in the form y = (z — h)* + k by “completing the square”.
Hence sketch y = x* + 42 + 3, stating the coordinates of the vertex.

y=x+4z + 3

y =x° + 4z + 2% 4 3 — 2°
y=(r+2)° -1
So, the axis of symmetry 1s © = —2
and the vertex is (—2, —1).

When z=0, y=3
the y-intercept 1s 3.

sY

W ) Self Tutor

a Convert y =322 —4x +1 to the completed square form y = a(x — h)? + k.
b Hence write down the coordinates of the vertex, and sketch the quadratic.
a y=3z°—4z+1 AY
_a[.2 _ 4 1
= 9" — 3T T3
= :$2—2(§)$+(%)2—|—%—(%)2] y=3x2—4x+1
_ 22 , 3 _ 4
=3[z —-35)"+ 5~ 3l
=3[(z — %)% — 4] :
=3(z—3)"—3 - V4 >
g (2 1
b The vertext 18 (%, ‘3) V(%—%)
and the y-intercept 1s 1. +
EXERCISE 2B.2

2

1 Write the following quadratics in the form y = (x — h)® + k& by “completing the square”.
Hence sketch each function, stating the coordinates of the vertex.

a y=2a°—-22+3 b y=a+4x—2 ¢ y=2z°—4dx
d y=2%+3x e y=2a’+5r—2 f y=2%—-32+2
g y=2°—-6r+5 h y=2?+8z—2 i y=22—5r+1
2 For each of the following quadratics:
I Write the quadratic in the completed square form [ Take out the factor . h
y = a(zr — h‘)z + k. h\Lthen complete the square.

Il State the coordinates of the vertex.

il Find the y-intercept.

iv Sketch the graph of the quadratic.
a y=2a*+4x+5 b y=222—-8x+3
¢ y=22%—6x+1 d y=322—-62+5
e y=—x’+4x+2 f y=—22°—5x+3
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SKETCHING QUADRATICS IN THE GENERAL FORM y = axz? + bx + c

We now consider a method of graphing quadratics of the form y = ax® +bx + ¢ directly, without having
to first convert them to a different form.

We know that the quadratic equation axz? + bx + ¢ = 0 AY
—b++vVA

2a

y=ax’+bxr+c

has solutions where A = b* — 4ac.

If A >0, these are the x-intercepts of the graph of the
quadratic function y = ax? + bx + c. = /!

. —b
The average of the values 1s —, so we conclude that: —b— VA

2a o
: : —b
e the axis of symmetry 1s x = o
L
: : —b
e the vertex of the quadratic has x-coordinate Py
a

To graph a quadratic of the form vy = ax® + bx + ¢
e Find the axis of symmetry x = ;—b.
1
e Substitute this value to find the y-coordinate of the vertex.
e State the y-intercept c.
e Find the z-intercepts by solving ax? + bx + ¢ = 0, either by factorisation or using the quadratic

formula.
e Graph the quadratic using the information you have found.

Example 8

Consider the quadratic y = 222 + 8z — 10.

o) Self Tutor

a Find the axis of symmetry. b Find the coordinates of the vertex.

¢ Find the axes intercepts. ¢ Hence sketch the quadratic.

y=2x*+8x—10 has a=2, b=38, and ¢= —10. Since a > 0, the shape is \j

__b:__SZ_Q b When = -2,
2a 2(2) — 2(—2)2 +8(—2) — 10
The axis of symmetry is z = —2. Y : 9
The vertex is (—2, —18).
¢ The y-intercept 1s —10. d T=+2 4y
When y = 0, 22% +8x — 10 =0 \ 4y:2$2—|—8$—10
2 _ L
2(z“ +4x—5) =0 — — T
2(x+5)(x—1)=0 i
. xr=-—-oo0rl

the x-intercepts are —5 and 1.
—10
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EXERCISE 2B.3

1 For each of the following quadratics:

I Locate the vertex. - N
The vertex lies on the

axis of symmetry.

point or a maximum turning point.
y=ax%—4x + 2 b y=2°+2z—3 § |

y =22°+4 y=—3x°+1

y=2x°+8x —T Y= —x° —4x —9
y = 2x° + 62 — 1 y = 2x° — 10z + 3
y=—sr"+2x—5 y=ztr?—Tr+6

Il State whether the vertex is a minimum turning

- W 0 A o
—-:*n

2 For each of the following quadratics:

I State the axis of symmetry. il Find the coordinates of the vertex.

il Find the axes intercepts. iv Hence sketch the quadratic.

a y=a2-8x+7 b y=—2°—6x—8 ¢ y=6x— x°
d y=—-2°+3x -2 e y=2z%+4x—24 f y=-322+42—1
g y=2z1*—5xr+2 h y=42°> -8z -5 i yz—%mz—l—Qm—S

ACTIVITY 2

Click on the icon to run a card game for quadratics. CARD GAME

C SING THE DISCRIMINANT

The discriminant of the quadratic equation axz? +bx +c=0 is A = b* — 4ac.

We have used A to determine the number of real roots of the equation. If they exist, these roots correspond

to zeros of the quadratic y = ax? + bz + c. A therefore tells us about the relationship between the
graph of a quadratic function and the z-axis.

The graphs of y = 2% — 22— 3, y=2>—-2r+1, and y = 2° — 2z + 3 all have the same axis of
symmetry, x = 1.

y:$2—2$—3 y:$2—2$+1 y:$2—2$+3

AY

- - - 7, >
T T
Y Emzl \J E:zrzl
A = b? — 4ac A = b — dac
= (—=2)* —4(1)(1) = (=2)* = 4(1)(3)
— — —8

cuts the x-axis twice touches the x-axis does not cut the x-axis
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For a quadratic function y = axz? + bx + ¢, we consider the discriminant A = b% — 4ac.
e If A >0, the graph cuts the x-axis twice.
o If A =0, the graph touches the z-axis.

e If A <0, the graph does not cut the z-axis.

POSITIVE DEFINITE AND NEGATIVE DEFINITE QUADRATICS

Positive definite quadratics are quadratics which are
positive for all values of . So, az* +bx +c >0 for \/
all z € R. - > T

A quadratic is positive definite if and only if @ >0 and A <0.

Negative definite quadratics are quadratics which are > T
negative for all values of z. So, az? +bx+c <0 for /\
all x € R.

A quadratic is negative definite if and only if a <0 and A < 0.

) Self Tutor

Use the discriminant to determine the relationship between the graph of each function and the
r-ax1s:
a y=z°+3zx+14 b y=-22°+5zx+1
a a=1 b=3, c=4 b a=-2, b=5, ¢c=1
A = b* — dac s A =b%—dac
=9—4(1)(4) =25 —4(-2)(1)
= —7 = 33
Since A < 0, the graph does not cut the Since A > 0, the graph cuts the x-axis
r-axis. twice.
Since a > 0, the graph is concave up. Since a < 0, the graph 1s concave down.
The graph 1s positive definite. It lies The quadratic 1s neither positive definite
entirely above the x-axis. nor negative definite.
\/ - >
- L
EXERCISE 2C
1 Use the discriminant to determine the relationship between the graph of each function and the x-axis:
a y=2x°+4+x—2 b y=2%—4x+1 ¢ y=-—a*-3
d y=a2%+70 -2 e y=ua°+8x+ 16 f y=—-222+32+1

g9 '926152+533—4 h y:—$2—|—$—|—6 i y:9$2+6w+1
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2 Consider the graph of y = 22% — 5z + 1.
a Describe the shape of the graph.
b Use the discriminant to show that the graph cuts the z-axis twice.
¢ Find the z-intercepts, rounding your answers to 2 decimal places.
d State the y-intercept.
e Hence sketch the function.

3 Consider the graph of y = —2* + 42 — 7.
a Use the discriminant to show that the graph does not cut the z-axis.
o [s the graph positive definite or negative definite? Explain your answer.
¢ Find the vertex and y-intercept.

d Hence sketch the function.

4 Show that:
a 2x% —4x + 7 is positive definite b —22? +3x — 4 is negative definite
¢ 2°—32x+6>0 forall z d 42— 2° -6 <0 forall .
5 Consider the graphs illustrated. y=ax?+bx + c

Let y = ax? + bx + ¢ have discriminant A, and AY

y = dz? + ex + f have discriminant A,. \/
Copy and complete the following table by indicating
whether each constant is positive, negative, or zero:

Constant | a | b | c|d|e| f | A1 | As
Sign

v y=dx*+ex+ f

Example 10

Find the value(s) of k for which the function y = 2% — 62 + k:
a cuts the z-axis twice © touches the z-axis ¢ misses the x-axis.

a=1, b=—-6, c=k

A = b® — 4dac
— (=6)2 — 4(1)(k)
= 36 — 4k
a The graph cuts the ® The graph touches the ¢ The graph does not cut
r-axis twice if A > 0. r-axis twice if A = 0. the z-axis if A < 0.
36 — 4k > 0 s, 36 —4k =0 c. 36—4k <0
4k < 36 =9 oo 4k > 36
k<9 c.o kE>9

6 For each quadratic function, find the value(s) of & for which the function:

I cuts the x-axis twice il touches the x-axis il misses the r-axis.

a y=xz°+3z+k b y=ka* -4z +1 ¢ y=(k+1)z* —2kx + (k —4)
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7 Explain why 32° + kx — 1 is never positive definite for any value of k.

8 Find the value of k£ such that y = %:I,‘Q + (k—2)x+k*+4 is not positive definite. What
relationship does the graph have with the xz-axis in this case?

157 """ FINDING A QUADRATIC FROM ITS GRAPH

If we are given sufficient information on or about a graph, we can determine the quadratic in whatever
form 1s required.

%) Self Tutor

Find the equation of the quadratic with graph:
a b AY
8
- - - fal s .
b ) £
\j
a Since the z-intercepts are —1 and 3, © The graph touches the z-axis at = = 2,
y=a(x+1)(x—3). so y=a(z —2)2.
The graph 1s concave down, so a < 0. The graph 1s concave up, so a > 0.
When 2 =0, y=3 When 2z =0, y=38
3 =a(1)(—3) c. 8 =a(—2)*
c.ooa=-—1 c.oa=2
The quadraticis y = —(z + 1)(x — 3). The quadratic is y = 2(x — 2)2.

_Example 12

Find the equation of the quadratic with graph:

The axis of symmetry x = 1 lies midway
between the x-intercepts.

the other x-intercept 1s 4.
the quadratic has the form
y=a(x+2)(x—4) where a <0

.
But when =0, y =16 ’
16 = a(2)(—4)
a= —2

The quadraticis y = —2(z + 2)(x — 4).
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EXERCISE 2D
1 Find the equation of the quadratic with graph:
S Ay o AY ¢ AY
12
4 3
DI = S S A 5 S
\J \J \j
d AY e AY f AY
- 11 _ 12
3 L/ T
—3
- —2 3K 3 =
£Z
Pl V. S,
/ \ °
\/ \j \/

2 Find the equation of the quadratic with graph:
a AY i b

o) Self Tutor

Find the equation of the quadratic whose graph cuts the x-axis at 4 and —3, and which passes
through the point (2, —20). Give your answer in the form y = az? + bx + c.

Since the z-intercepts are 4 and —3, the quadratic has the form y =a(x —4)(z + 3), a # 0.
When =2, y=—-20

—20=a(2—4)(2+ 3) The quadraticis y = 2(x —4)(z + 3)
—20 = a(—2)(5) = 2(z* —x — 12)
a=2 = 22° — 2x — 24

3 Find, in the form y = az? + bz + ¢, the equation of the quadratic whose graph:
a cuts the x-axis at 5 and 1, and passes through (2, —9)

(o 3

cuts the z-axis at 2 and —3, and passes through (3, —14)
touches the x-axis at 3 and passes through (—2, —25)
touches the z-axis at —2 and passes through (—1, 4)

cuts the x-axis at 3, passes through (5, 12), and has axis of symmetry x = 2

cuts the x-axis at 5, passes through (2, 5), and has axis of symmetry = = 1.
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o) Self Tutor

Find the equation of the quadratic with graph:

a AY b V(—4, 2) AY
= D e
16 —2 €z
= & =
T
Y V(3,-2) \/

a Since the vertex is (3, —2), the quadratic b Since the vertex is (—4, 2), the quadratic

has the form y = a(x — 3)? — 2 where has the form y = a(x + 4)? +2 where
a > 0. a < 0.
When =0, y =16 When z=-2, y=0
16 = a(—3)% — 2 s 0=a(2)?+2
16 = 9a — 2 C. da = -2
18 = 9a coa=—3
a=2 The quadraticis y = —%(IL‘ +4)% + 2.

The quadratic is y = 2(z — 3)* — 2.

L 1f V 1s the vertex, find the equation of the quadratic with graph:

2 AY b AY C \ YA
V(2,4 - 4 >
(2.4) . T
-} -
4
= 2y =
£
V(2,-1) V(—3,—4)
Y \/ Y
d AY e AY f AY
/ V(-2,5)
- E - 4 - E
- g
g AY fi AY i
J2:3) (~6,9)
(3,1)
- &P > -t >
X I
V(—4,3)
=] I E—
Y vy ¢

5 A quadratic has vertex (2, —5), and passes through the point (—1, 13). Find the value of the
quadratic when x = 4.
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INVES FINDING QUADRATICS
. 9.2 ,
For the quadratic y = 22° + 32 + 7 we can construct . 01 1 5131 415

a table of values for x =0, 1, 2, 3, 4, 5. y | 711221 ]34]51]72

We turn this table into a difference table by adding two . ol 112131415
further rows: y | 7 | 12|21 345172
e the row A; gives the differences between A =9 13| 17 |21

successive y-values = — e

e the row A, gives the differences between

4
successive Aq-values. T
9—-5 34-—21 72 — 51

What to do:

1 Construct difference tables for x =0, 1, 2, 3, 4, 5 for each of the following quadratics:
a y=x°+4x+3 b y=32°— 4z € y=b5x—zx° d y=4z% — 5z +2

2 What do you notice about the Ay row for each quadratic in 1?

3 Consider the general quadratic y = ax® +bx +c¢, a#0.
a Copy and complete the following difference table:

r |0 1 2 3 4 5
y |(© a+b+c da+2b+c ... L
Aq O e e e e,

Ao O s

b Comment on the A, row.
¢ What can the circled numbers be used for?

& Use your observations in 3 to determine, if possible, the quadratics with the following tables of

values:
a|lx| O 1 2 3 4 b |xz]| O 1 2 3 4
y | 6 H 8 | 15| 26 y | 8 [ 10| 18 | 32 | 52
¢ |xz| O 1 2 3 4 d |z | O 1 2 3 4
y | 1 2 | =11 =8| =19 Yy | 5 3 | =11 =71 =15

5 We wish to determine the maximum number of pieces into which a pizza can be cut using n
cuts across fit.

For example, for n =1 we have which has 2 pieces

for n =3 we have %9 which has 7 pieces.
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a Copy and complete:

Number of cuts, n Ol 1123 [4]5

Maximum number of pieces, P,

b Complete the A; and As rows. Hence determine a quadratic formula for P,.

¢ For a huge pizza with 12 cuts across it, find the maximum number of pieces which can
result.

"3 THE INTERSECTION OF GRAPHS

Consider the graphs of a quadratic function and a linear function on the same set of axes.

There are three possible scenarios for intersection:

A VAV

cutting touching missing
(2 points of intersection) (1 point of 1ntersection) (no points of intersection)
If the line fouches the curve, we say that the line 1s a tangent to the curve.

The xz-coordinates of any intersection points of the graphs can be found by solving the two equations
simultaneously.

Example 15

Find the coordinates of the point(s) of intersection of the

2

graphs with equations y =2 —x — 18 and y =x — 3.

y=2z°—x—18 meets y =2 —3 where

v’ —xr—18=x—3

s z“—2x—-15=0 {RHS = 0}
co (2=95)(x+3)=0 {factorising}
r=9o0r—3J

Substituting into y = x — 3, when x =5, y =2 and
when = = —3, y = —6.

the graphs meet at (5, 2) and (—3, —6).

Graphing each side of an inequality helps us to illustrate its solutions. Any points where the graphs
intersect will lie at the endpoints of the interval(s) in the solution.
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) Self Tutor

Consider the curves y = 2% + 5z +6 and y = 222 + 2z — 4.

a Solve for z: z°+ 5z + 6 = 2z + 2z — 4.
b Graph the two curves on the same set of axes.

¢ Hence solve for x: 22+ 52+ 6 > 222 + 2x — 4.

a 2 +5x+6=2x*+2x—4
s, 2% —3z—-10=0

(x4+2)(x—5)=0

o x=-—20r9o

b y=2°+52+6
= (¢ +2)(x +3) has zeros —2 and —3.

y =22 + 2z — 4
=2(z° +x — 2)
=2(z+2)(x —1) has zeros —2 and 1.

¢ If 2°+5x+6 > 22° 4+ 22 — 4, the graph of y = z° + 5z + 6 is above the graph of
y = 2x° + 2z — 4.
This occurs when —2 < x < 5.

EXERCISE 2E
1 Find the coordinates of the point(s) of intersection of:
a y=2°—-2r+8 and y=2x+6 b y=—-2°+3x+9 and y =2z — 3
¢c y=x°—4x+3 and y=2xr—6 d y=—a2*"+4x—7 and y=5x—4

2 Use technology to find the coordinates of the points of intersection of the graphs with equations:

—_ 12 - — —
a y=a*—3r+7 and y=x+5 GRAPHING
PACKAGE

b y=2°—-5x+2 and y=a—7
¢ y=—a*—2x+4 and y=ua+8
d y=—-2*+4x—2 and y=>5x—6.

3 Consider the graphs with equations y = 2% and y = x + 2. r 2
The solutions to z2 > z + 2

are the values of x for which

b Plot the graphs on the same set of axes. y=x? is above y=x + 2.
. J

¢ Hence solve for x: 2 > x + 2. \

a Find the points where the graphs intersect.

L Consider the graphs with equations y = 2° + 22 —3 and y =a — 1.
a Find the points where the graphs intersect.
b Plot the graphs on the same set of axes.

¢ Hence solve for z: 22 +2rx —3 > 2 — 1.
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5 Consider the curves y=22° —2+3 and y =2+ + 2°.
a Find the points where the curves intersect.

b Plot the curves on the same set of axes.
¢ Hence solve for z: 222 —x +3 > 2+ x + 22

6 Consider the graphs with equations y = 2 and y=x + 3.

£

a Solve 2 r + 3 using algebra.
£

b Use technology to plot the graphs on the same set of axes.

4
¢ Hence solve for z: - > o + 3.
£

Example 17

y=2r +k is atangent to y = 2z° —3x + 4. Find k.

y=2r+k meets y=2x°—3x+4 where A tangent is a line which
202 — 3x 4+ 4 = 22 + k touches the curve.

202 — 5z 4+ (4—k) =0 ’Q\

Since the graphs touch, this quadratic has A = 0
(—5)* — 4(2)(4— k) = 0

25 —8(4—k)=0

25—32+8k=0

8k =T
_ 7
k=g

7 For what value of ¢ is the line y = 3x+¢ a tangent to the parabola with equation y = 2% —5x +7?

8 Find the values of m for which the lines y = max — 2 are tangents to the curve with equation
y = x* —4x + 2.

9 Find the gradients of the lines with y-intercept 1 that are YA

tangents to the curve alongside.
y=3x’+5x+4

A
- p

=Y

v

10 a For what values of ¢ do the lines y = 2 + ¢ never meet the parabola with equation
y =2x° —3x — 77

b Choose one of the values of ¢ found in part a. Illustrate with a sketch that these graphs never
meet.

11 Prove that two quadratic functions can intersect at most twice.
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12 Consider the curve y = z° +4x — 1 and DYNAMIC
: . GEOMETRY
the line vy = 2z + ¢. Find the values of c PACKAGE

for which the line: y=2x+c
a meets the curve twice

b 1s a tangent to the curve

¢ does not meet the curve. y=z2+ 4z — 1

13 Show that any linear function passing through P(0, 3)

will meet the curve y = 22% —z — 2 twice.

y=2z°—x—2

\j

14 The graphs of y = (x —2)? and y = —2° +bxr + C
touch when x = 3.
Find the values of b and c.

y=—x’+bx+c

"7 PROBLEM SOLVING WITH QUADRATICS

Some real-world problems can be solved using a quadratic equation.

Any answer we obtain must be checked to see 1f it 1s reasonable. For example:

e if we are finding a length then 1t must be positive and we reject any negative solutions

e if we are finding “how many people are present” then the answer must be a positive integer.

We employ the following general problem solving method:

Step 1. If the information 1s given in words, translate it into algebra using a variable such as x. Be
sure to define what x represents, and include units if appropriate. Write down the resulting
equation.

Step 2: Solve the equation by a suitable method.
Step 3. Examine the solutions carefully to see if they are acceptable.

Step 4. Give your answer in a sentence, making sure you answer the question.
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Example 18

of the rectangle.

A rectangle has length 3 cm longer than its width, and its area is 42 cm?®. Find the width

) Self Tutor

> +3x—-42=0

z(x +3) =42 {equating areas}

If the width is  ¢cm then the length is (z + 3) cm. - L
I Cin
1 C
—3 £ /32 — 4(1)(—42) (z+3)cm
2
—3 V177

r~ —8.15 or 5.15

We reject the negative solution as lengths are positive.
The width 1s about 5.15 cm.

2

EXERCISE 2F

1
2
3
A
5

6

Two integers differ by 12,

and the sum of their squares 1s 74. Find the integers.

The sum of a number and its reciprocal 1s %. Find the number.

The sum of a natural number and its square 1s 210. Find the number.

The product of two consecutive even numbers is 360. Find the numbers.

The product of two consecutive odd numbers 1s 255. Find the numbers.

The number of diagonals of an n-sided polygon is given by the formula D = g(n —3).

A polygon has 90 diagonals. How many sides does it have?

The length of a rectangle is 4 ¢cm longer than its width. The rectangle has area 26 cm®. Find its

width.

A rectangular box has a square base. Its height 1s 1 cm longer than its 7
base side length. The total surface area of the box is 240 cm?. :
Suppose the sides of the base are x cm long.

a Show that the total surface area is given by A = 62 + 4x cm?. N

2 -r':' """" l' """

b Find the dimensions of the box. r cm

An open box can hold 80 ¢m®. It is made from a square piece
of tinplate with 3 cm squares cut from each of its 4 corners.

Find the dimensions of the original piece of tinplate.

Jcm
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) Self Tutor

Is it possible to bend a 12 cm length of wire to form the perpendicular sides of a right angled
triangle with area 20 cm??

Suppose the wire is bent x cm from one end.

The area A = (12 — )

o119 Y area 20 cm?
: zif(i; ”I’) - ig rem (12— x)cm b - L/

. . _ ° T

R T) > - - ecomes
122 — 2% — 40 =0 (12— z) cm

2 — 120 +40=0

Now A = (—12)* —4(1)(40)
= —16 whichis <0

There are no real solutions, indicating this situation 1s impossible.

10

11

12

13

14

Is it possible to bend a 20 cm length of wire into a rectangle with area 30 cm?*?

The rectangle ABCD 1s divided into a square and a smaller A : Y B
rectangle by [XY] which 1s parallel to its shorter sides.

The smaller rectangle BCXY 1s similar to the original
rectangle, so rectangle ABCD 1s a golden rectangle.

. AB . , .
The ratio o IS called the golden ratio. D . 7 C

14+ 5
-

Show that the golden ratio is

Hint: Let AB = x units and AD = 1 unit.

Two trains travel along a 160 km track each day. The express travels 10 kmh~! faster and takes
30 minutes less time than the normal train. Find the speed of the express.

A group of elderly citizens chartered a bus for $160.
Unfortunately, 8 of them fell 11l and had to miss the trip.
As a consequence, the other citizens had to pay an extra
$1 each. How many elderly citizens went on the trip?

CHAKTER
e

A truck carrying a wide load needs to pass through the AY
parabolic tunnel shown. The units are metres. T T
The truck 1s 5 m high and 4 m wide.

a Find the quadratic function which describes the shape of
the tunnel.

b Determine whether the truck will fit.

T
',.,ll"

=Y
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15 A stone is thrown into the air from the top of a cliff 60 m above sea level. The stone reaches a
maximum height of 80 m above sea level after 2 seconds.

a Find the quadratic function which describes the stone’s height above sea level.
b Find the stone’s height above sea level after 3 seconds.

¢ How long will it take for the stone to hit the water?

"I OPTIMISATION WITH QUADRATICS

The process of finding a maximum or minimum value 1s called optimisation.

: : b
For the quadratic y = ax® + bx + ¢, we have seen that the vertex has x-coordinate o
a

. . b
e I[f a >0, the minimum value of y occurs at = = oo
a
E“Hminimum
i b : maximum
e If a <0, the maximum value of y occurs at x = —o =
a

x) Self Tutor

Find the maximum or minimum value of the following quadratics, and the corresponding value
of x:
a y=z°+z—3 b y=23+ 3z — 2z?
a y=z°+z—3 has b y=—-22°+3x+3 has
a=1, b=1, and ¢ = —-3. a=—2, b=3, and c= 3.
Since a > 0, the shape is \/ Since a < 0, the shape is /\
The minimum value occurs The maximum value occurs
when m—_b——% when m_—b_—g_%
2a 2a —4
and y=(—3)"+(—3) —3=-31% and y=—2(3)"+3(3)+3 =4+
So, the minimum value of y is —37, So, the maximum value of y is 4%,
occurring when x = —%. occurring when x = %.

EXERCISE 2G

1 Find the maximum or minimum value for each quadratic, and the corresponding value of x:
a y=ua°—-22x b y=7-2r—a? ¢ y=8+2x—32°
d y=22"4+2-1 e y=4x*—x+5 f y="Tr — 227
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2 The profit in manufacturing = refrigerators per day, is given by P = —3x* + 240z — 800 euros.
a How many refrigerators should be made each day to maximise the total profit?
® What is the maximum profit?

_Example 21

A gardener has 40 m of fencing to enclose a
rectangular garden plot, where one side 1s an
existing brick wall. Suppose the two new equal
sides are  m long.

a Show that the area enclosed is given by [ brick wall
A = x(40 — 2x) m*.

© Find the dimensions of the garden of maximum |
area. T m

a Side [XY] has length (40 — 2x) m.
Now, area = length x width
A = 2(40 — 2z) m?

b A=0 when z = 0 or 20.

The vertex of the function lies midway
between these values, so x = 10.

Since a < 0, the shape is /\ Y o ZE

the area 1s maximised when YZ = 10 m and XY = 20 m.

X ___am

e T

3 A rectangular plot 1s enclosed by 200 m of fencing and has
an area of A square metres. Show that:

a A=100x —z* where x m is the length of one of its T + rm
sides

b the area 1s maximised if the rectangle 1s a square.

4 Three sides of a rectangular paddock are to be fenced, the fourth side being an existing straight
water drain. If 1000 m of fencing is available, what dimensions should be used for the paddock to
maximise 1ts area?

5 1800 m of fencing is available to fence six identical > ym >
pens as shown in the diagram.

a Explain why 9z + 8y = 1800.
© Show that the area of each pen 1s given by |
A = -3z 4 2252 m?.

¢ If the area enclosed 1s to be maximised, what are
the dimensions of each pen? 4

L 11
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6 500 m of fencing is available to a b
make 4 rectangular pens of i1dentical
shape. Find the dimensions that
maximise the area of each pen if the
plan 1s:

7 A tightrope connects two elevated platforms. The curve of the tightrope is given by the equation
y = 0.008z2% — 0.8z + 50. The units are metres.

AY
L
e 15 =
Y i

a Find the height of the platforms.
© L 1s the lowest point along the tightrope. Determine the height of L above ground level.

8 The graphs of y = 2* — 32 and y = 2z — x° are
1llustrated.
a Show that the graphs meet where z =0 and
__ 9l
b Find the maximum vertical separation between the
curves for 0 <z < 2%.
\J

9 Infinitely many rectangles may be inscribed within the A

right angled triangle shown alongside. One of them 1s

illustrated. 6 cm

a Let AB=xcm and BC = y cm.
Use similar triangles to find y 1n terms of . v
 Find the dimensions of rectangle ABCD of
: - 8cm =
maximum area.

INVESTIGATION THE GEOMETRIC DEFINITION OF A PARABOLA
A parabola 1s defined as the locus of all points AY
which are equidistant from a fixed point called the
focus and a fixed line called the directrix. F0, @) 4 evnppee g P(a, )
Suppose the focus is F(0, a) and the directrix is P 1. _
the horizontal line y = —a. The parabola is the set T T x
of all points P such that FP = NP where N 1s the . y=—a
closest point on the directrix to?. I N
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What to do:

1 Suggest why it is convenient to let the focus be at (0, a) and the directrix be
the line y = —a.

2 Use the circular-linear graph paper provided to graph the parabola which has
focus F(0, 2) and directrix y = —2.

3 Using the definition on the previous page:

a Write down the coordinates of N.

b Write expressions for FP and NP.
2

¢ Show that the parabola has the equation y = j—
a
: : X2
4 Consider a point P| X, | on the parabola
a
2
y = j with focus F(0, a) and directrix
a
Yy = —a.

Let N be the closest point on the directrix to P.

PRINTABLE
GRAPH PAPER

a Find the coordinates of the midpoint M of

[FN].
b Show that [MP] has equation
53
J= 2a 2 ) \/

g ]

Hence prove that (MP) 1s a tangent to the parabola.

d Let B lie on the normal to the parabola as shown.

Suppose a ray of light shines vertically down onto
the parabola with angle of incidence 6 as shown.

Notice that [BP] is parallel to [FN].

Explain why MNP must equal 6.

Hence explain why MFP must equal 6.

Hence explain why FPB must equal 6.

lv Hence explain why any vertical ray of light
shining down onto a parabolic mirror will
be reflected to the focus of the parabola F.

v Explain what shape Misha needs in the Opening
Problem and where he needs to place his cup.

4 . . )
This experiment was performed by

Dr Jonathon Hare and Dr Ellen McCallie
Lkfmr the television series “Rough Science”. 3

/




QUADRATIC FUNCTIONS

(Chapter 2) 57

.00 QUADRATIC INEQUALITIES

A quadratic inequality can be written in either the form ax? + bx +¢ > 0
or ax® +bx+c>0 where a # 0.

We have seen that the solutions to a quadratic equation are the z-intercepts of the corresponding quadratic

function.

In a similar way, the solutions to a quadratic inequality are the values of x for which the corresponding

function has a particular sign.

SIGN DIAGRAMS

A sign diagram is a number line which indicates the values of = for which a function 1s negative, zero,

positive, or undefined.

A sign diagram consists of’

e a horizontal line which represents the x-axis

e positive (4+) and negative (—) signs indicating where the graph is above and below the z-axis

respectively

e the zeros of the function, which are the z-intercepts of 1ts graph.

Consider the three functions below:

Function y=(x+2)(x—1) y=(z+3)°+2 y = —2(z — 1)?
AY o | AY
-
X
Graph 1 _
= T T
'
\J \J
Sign 5
' - =t t . I R
diagram — 5 | = > 1 >
You should notice that:
e A sign change occurs about a zero of the function for single linear factors such as DEMO

(x +2) and (x — 1). This indicates cutting of the z-axis.

e No sign change occurs about a zero of the function for squared linear factors such
as (r — 1)?. This indicates touching of the z-axis.

In general:

e when a linear factor has an odd power there is a change of sign about that zero

e when a linear factor has an even power there is no sign change about that zero.
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Example 22

o) Self Tutor

Draw a sign diagram for:
a AY b AY
—3 1 D
- as -
T - il -
—1 i
\J \J
T + - ° +
- - - -
3 5o —1 x
EXERCISE 2H.1
1 Draw a sign diagram for each graph:
a AY b AY C AY
- 1
—4 1\2
< > - N E‘
) 2 x \
\J \/

%) Self Tutor

Draw a sign diagram for:

a z°+2x-—3 b —4(x —3)°
a z°+2x—-3=(z+3)(xz—1) b —4(z — 3)? has zero 3.
which has zeros —3 and 1. —
- | 4 >
+ 3
- | | 4 »
—9 ! When z =4 we have —4(1)? <0,
When = =2 we have (5)(1) > 0, so we put a — sign here.
so we put a + sign here. As the factor is squared, the signs do not
As the factors are single, the signs change.
alternate.
R I (I - I
- i - - T
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Draw a sign diagram for:

a (x+4)(x—2)
d xz(z+2)
g —(3z—-2)(x+1)

Draw a sign diagram for:

a (z+2)°
d 2(zx+1)2

Draw a sign diagram for:

a z°—9
d 2°—3x+2
g 6— 16x — 62°

Draw a sign diagram for:

a x°+10x + 25

(z+1)(x —5) ¢ x(x—3)

(2x +1)(x —4) f —(z+1)(xz—3)
(22 —1)(3 — x) I (b—x)(1—2x)
(x — 3)° ¢ —(z—4)°
—3(z + 4)? f —3(2z+5)?

4 — x* ¢ Hr — x?

2 — 8x* f 62° +x—2
—2x% + 92 + 5 i —152% —x + 2
? —2x+1 ¢ —x°+4x—4

d 42 —4x+1

—x® —6x —9

f —4x°+12x—9

QUADRATIC INEQUALITIES

To solve quadratic inequalities we use the following procedure:

e Make the RHS zero by shifting all terms to the LHS.
e Fully factorise the LHS.
e Draw a sign diagram for the LHS.

e Determine the values required from the sign diagram.

Example 24

Solve for x:

a 3x°+5x>2 b 22+9<6x
a 3x° + 5 > 2 b z° 4+ 9 < 62
s 3° +5r—220 . 2°—62+9<0
S Br—=1)(x+2)20 o (z—-32%<0
Sign diagram of LHS is Sign diagram of LHS 1s
—2 y 3
r< -2 or x> % So, the inequality is not true for
any real x.
EXERCISE 2H.2
1 Solve for x:
a (x—2)(xz+5) <0 b 2—2z)(z+3) =0 ¢ (z—1)2<0

d (z+5)*=>0 e 2z+1)3—x)>0 f (z—4)2x+3) <0
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2 Solve for x:

a 2>—2>0 b 32?422 <0 ¢ 22 4+4x+4>0

d 22+2xr—15<0 e 2 —4xr—12>0 f 32°4+92—-12<0
3 Solve for x:

a z°>3x b z°2 <4 c 222 >4

d 22 —21 <A4x e z°+30> 11z f x+42 < z?

g 222 >x+3 h 422 —42+1<0 I 62° +Tx < 3

i 3x% > 8(x+2) k 222 —4x+2>0 | 622 +1< 57

m 1+ 5z < 622 n 1222 > 5x + 2 o 22°+4+9>0x

) Self Tutor

Find the value(s) of k for which the function y = ka* + (k + 3)x — 1:
a cuts the x-axis twice b touches the x-axis ¢ misses the x-axis.
a=k, b=k+3, ¢c=-1
A = b* — dac
= (k+3)* — 4(k)(-1)
— k2 4 6k 49 4k So, A has sign diagram: - - LA
= k*+ 10k + 9 7 !
= (k+9)(k+1)
a The graph cuts the x-axis twice if A >0 4 . N
k<—9 or k>—1, k+0 The discriminant A
O ’ ‘ 1s a quadratic 1n k,
® The graph touches the x-axis if A =0 so we must solve a
C. k=-9 or k=-1. quadratic inequality.
¢ The graph misses the z-axis if A <0 \Y
o —9<k< 1. %
4 For each quadratic function, find the values of £ for which the function:
I cuts the z-axis twice Il touches the x-axis il misses the xz-axis.
a y=2z*+kx—k b y=ka*—2zx+k ¢c y=a2*+(k+2)x+4

5 For each quadratic equation, find the values of £ for which the equation has:

I two real roots Il a repeated real root il no real roots.

a 224 (k—224+2=0 b 22+ (3k—1)z+ (2k+10)=0
¢ (k+1Da*+kx+k=0

6 For what values of m is y = (m — 2)z? + 62 4+ 3m:

a positive definite b negative definite?
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' — 2 — DYNAMIC

7 Cons:dder the curve y —a7 3r — 6 and bY o —ma -2 IS

the line y = max — 2. Find the values of m < {/ - PACKAGE
for which the line:

_ —2
a meets the curve twice /

b 1s a tangent to the curve

¢ does not meet the curve.

REVIEW SET 2A

1 Use the vertex, axis of symmetry, and y-intercept to graph:
a y=(x—-2%*—-4 b y=—2(z+4)°+6

2 Find, in the form y = az?® + bx + ¢, the equation of the quadratic whose graph:
a touches the z-axis at 4 and passes through (2, 12)
b has vertex (—4, 1) and passes through (1, 11).

3 Find the maximum or minimum value of y = —2x* +4x + 3, and the value of = at which this
occurs.

4 Find the points of intersection of y = 2? — 3z and y = 322 — 5z — 24.
5 For what values of k does the graph of y = —2x% + 5x + k not cut the z-axis?

6 Find the values of m for which 222 — 3z +m = 0 has:

a a repeated root b two distinct real roots ¢ no real roots.
7 The sum of a number and its reciprocal is 2=-. Find the number.

8 Show that no line with a y-intercept of 10 will ever be tangential to the curve with equation
y=3z%+ T — 2.
9 a Write the quadratic y = 22° + 6z — 3 in the form y = a(xz — h)* + k.
b Hence sketch the graph of the quadratic.

10 Find the equation of the quadratic with graph:
a AY b AY i C AY

(2, —20)

\J

11 Draw the graph of y = —z? + 2z.

12 Find the y-intercept of the line with gradient —3 which 1s a tangent to the parabola
y =22 — 5z + 1.

13 For what values of & would the graph of y = 2 — 2z + k cut the z-axis twice?
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14 The graph shows the parabola y = a(z + m)(x +n) where m > n.

15

16
17

19

a State the sign of:
I the discriminant A i a.

b Find, in terms of m and n, the:
I coordinates of the z-intercepts A and B

> Il equation of the axis of symmetry.

Find the quadratic function which cuts the z-axis at 3 and —2 and which has y-intercept 24.
Give your answer in the form y = az? + bx + c.

For what values of m are the lines y = max — 10 tangents to the parabola y = 3z° + 7z + 2?

When Annie hits a softball, the height of the
ball above the ground after £ seconds is given

by h = —4.9t* + 19.6¢t + 1.4 metres. Find the
maximum height reached by the ball.

Draw a sign diagram for:

a 3z+2)(4—2x) b —2°+ 3z + 18
Solve for z:
a B—x)(z+2)<0 b z° —4r—-5<0 ¢ 2z°+ x> 10

Find the values of k for which the function f(z) = 2% + kx + (3k — 4):

a cuts the z-axis twice b touches the z-axis ¢ misses the r-axis.

REVIEVW SET 2B

1

Consider the quadratic y = %(:1: —2)%2 -4,

a State the equation of the axis of symmetry.

b Find the coordinates of the vertex.
¢ Find the y-intercept.

d Sketch the function.

Consider the quadratic y = —3x* + 8¢ + 7. Find the equation of the axis of symmetry, and
the coordinates of the vertex.

Use the discriminant only to find the relationship between the graph and the z-axis for:
a y=22°+3x—17 b y=-3z2-7z+4

Determine whether each quadratic is positive definite, negative definite, or neither:
a y=—22%+3z+2 b y=3z2+z+11
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9

10

13

14

Find the equation of the quadratic with vertex (2, 25) and y-intercept 1.

Consider the quadratic y = 222 + 4z — 1.

i
C

b

State the axis of symmetry. b Find the coordinates of the vertex.

Find the axes intercepts. d Hence sketch the function.

Find the equation of the quadratic 1llustrated.
Hence find its vertex and axis of symmetry.

For what values of ¢ do the lines with equations y = 3x + ¢ intersect the parabola
y = x° +x —5 in two distinct points?

Choose one such value of ¢ and find the points of intersection in this case.

Find the maximum or minimum value of each quadratic, and the corresponding value of x:

y=3z°+4x + 7 b y=-22°— 52+ 2

The graph of a quadratic function cuts the z-axis at —2 and 3, and passes through (—3, 18).

Find the equation of the function in the form vy = az® + bx + c.

b Write down the y-intercept of the function.

Find the coordinates of the vertex.

Consider the graph of y = 22 + mx + n.
a Determine the values of m and n.
b Hence find the value of k.

il
A

=Y

\/

An open square-based box has capacity 120 mL. It is made from a square piece of tinplate with
4 c¢cm squares cut from each of its corners. Find the dimensions of the original piece of tinplate.

Consider y = —2% — 3z +4 and y = 2? + 5z + 4.

a Solve forx: —xz°—3xz+4 = 2%+ 5z + 4.
b Sketch the curves on the same set of axes.
¢ Hence solve for z: 22 +5x +4 > —x° — 3z + 4.

AY Consider the graph of vy = ax®+bx +c¢ alongside.
Determine the sign of:
a a b b C C d A

Give reasons for your answers.

P
T
8Y

Y y=axr®+ bz + c
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15 For each of the following quadratics:

I Write the quadratic in completed square form.

i  Write the quadratic in factored form.
i Sketch the graph of the quadratic, identifying its axes intercepts, vertex, and axis of

symmetry.
a y=x°+4zx+3 b y=2°+2zx—-3
¢ y=2z°—8x— 10 d y=—-2°+6x+7

16 Two different quadratic functions of the form y = 92% — kx + 4 both fouch the x-axis.

a Find the two values of k.
b Find the point of intersection of the two quadratic functions.

17 600 m of fencing 1s used to construct 6 rectangular animal ) T m
pens as shown. i ¥

a Show that the area A of each pen is

b Find the dimensions of each pen so that it has the
maximum possible area.

¢ What is the area of each pen in this case?

+ym

18 Draw a sign diagram for:

a r*—3z—10 b —(z+3)?
19 Solve for z:
a 42> -3z <0 b 222 —-3x—-5>0 C %x$2x2+1

20 Find the values of m for which the function y = max® + 5z + (m + 12):

a cuts the x-axis twice b touches the x-axis ¢ misses the x-axis.
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OPENING PROBLEM

The charges for parking a car in a short-term car park at an airport are shown in the table and graph

below. The total charge 1s dependent on the length of time ¢ the car is parked.

Car park charges

Time t (hours) | Charge

0<t< 1 £5.00
1 <t <2 £9.00
2<t<3 £11.00
3<t<6 £13.00
6<t<9 £18.00
0 <t<12 | £22.00
12 <t <24 £28.00

Things to think about:

SUg charge (£)

20

)] —

time (hours)

a What values of time are illustrated in the graph?

b What are the possible charges?

¢ What feature of the graph ensures that there is only
one charge for any given time?

¥ s P ma
: 24 il
' -_.J'y’-{-i—:

>
24

In the course so far, we have studied several different relationships between variables. In particular, for

two variables x and y:

e A linear function 1s a relationship which can be expressed in the form y = ax +b where a, b are

constants, a #* 0.

e A quadratic function is a relationship which can be expressed in the form y = ax®+bx+c¢ where

a, b, ¢ are constants, a # 0.

In the Opening Problem we see another type of relationship, between the two variables time and charge.

We call this a piecewise function because i1ts graph has several sections.

In this Chapter we explore what it really means for the relationship between two variables to be called
a function. We will then explore properties of functions which will help us work with and understand

them.

RELATIONS AND FUNCTIONS

A relation between variables « and y is any set of points in the (z, y) plane.

We say that the points connect the two variables.

A relation 1s often expressed in the form of an equation connecting the variables = and y.
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For example, vy =+ +3 and x = y* are the equations of two relations. Each equation generates a set
of ordered pairs, which we can graph:

AY AY

However, not all relations can be defined by an equation. Below are two examples:

(1) vp (2) vp
9| @
o
L
@ @
= P > . fan e >
X a o o 7
®
¢ o
\J \J
The set of all points in the first quadrant These 13 points form a relation. It can be
is the relation « > 0, y > 0. described as a finite set of points, but not

by an equation.

FUNCTIONS

A function is a relation in which no two different ordered pairs have the same
x-coordinate or first component.

We can see from this definition that a function is a special type of relation.

Every function is a relation, but not every relation is a function.

ALGEBRAIC TEST FOR FUNCTIONS

Suppose a relation 1s given as an equation. If the substitution of any value for x
results in at most one value of vy, then the relation is a function.

For example:

e y=3x —1 1s a function, since for any value of x there 1s only one corresponding value of y

e 1 =y° isnot a function, since if z =4 then y = +2.

GEOMETRIC TEST OR VERTICAL LINE TEST FOR FUNCTIONS

Suppose we draw all possible vertical lines on the graph of a relation.

e If each line cuts the graph at most once, then the relation 1s a function.

e If at least one line cuts the graph more than once, then the relation 1s not a function.
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%) Self Tutor

Which of the following relations are functions?
a AY b AY C AY
/ - >~ -« =
4 ¥ i
7, >
Y Y Y
a AY o AY C AY DEMO
/ - E‘ = P Fm
el "
Y Y Y
a function a function not a function

GRAPHICAL NOTE

e If a graph contains a small open circle such as

Q

, this point 1s not included.

e I[f a graph contains a small filled-in circle such as e , this point is included.

e If a graph contains an arrowhead at an end such as >, then the graph continues indefinitely
in that general direction, or the shape may repeat as it has done previously.

EXERCISE 3A

1 Use algebraic methods to decide whether these relations are functions. Explain your answers.

a y=a2-9 o z4+y=9 ¢ 22 +y*=9
2 Use the vertical line test to determine which of the following relations are functions:
& YA b YA C Y d YA
T T X \ T
- & - - & - - & > / g
\/ \ \
e YA f A g YA h v
*—p
=] i == - &P > *—0

=
7 ' f I

3 Is 1t possible for a function to have more than one y-intercept? Explain your answer.

4 Is the graph of a straight line always a function? Give evidence to support your answer.
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5 The managers of a new amusement park are discussing the Age Cost
schedule of ticket prices. Maurice suggests the table alongside.

0 - 2 years (infants) $0
2 - 16 years (children) | $20
16+ years (adults) $30

Explain why this relation between age and cost 1s not a
function, and discuss the problems that this will cause.

2

6 The graph alongside shows the curves y = z“ and

y2 — .
a Discuss the similarities and differences between
the curves, including whether each curve is

a function. You may also consider what
transformation(s) map one curve onto the other.

b Using y? =2, we can write y = /7.
I What part of the graph of 3° =«
corresponds to y = /x?

ii Is y = /x afunction? Explain your answer.

3

7 The graph alongside shows the curves y = x° and

Y = .

a Explain why both of these curves are functions.

b For the curve y° = 2, write y as a function of z.

In the Opening Problem:
e s the relation describing the car park charges a function?
e [f we know the time somebody parked for, can we determine the exact charge they need to pay?

e If we know the charge somebody pays, can we determine the exact time they have parked for?

B ~ FUNCTION NOTATION

Function machines are sometimes used to illustrate how functions behave.

T
input '
&

output

92:1:4—3

The above “machine” has been programmed to perform a particular function. If we use f to represent
that particular function, we can write “f is the function that will convert x into 2z + 3.”

If 4 1s the input fed into the machine,
the output is  2(4) + 3 = 11.

I double the

input and
then add 3
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So, f would convert 2 into 2(2)+3=7 and
—4 into 2(—4)+ 3 = -5.

This function can be written as:

4 N\
f:x—2x+3 f(x) is read as

// \_V;_\/ _ “fof x”. )

function f such that x 1s converted into 2z + 3 AN

Two other equivalent forms we use are f(z) =2z +3 and y = 2z + 3.

f(x) is the value of y for a given value of z, so y = f(x).

f is the function which converts = into f(x), so we write AY
y = f(x) is sometimes called the function value or image of x.

For f(x)= 2z + 3:

e f(2)=2(2)+3=7 -
the point (2, 7) lies on the graph of the function.

o f(—4)=2(—4)+3=-5
the point (—4, —5) also lies on the graph. (—4,—5)

f(x)=2x+3

il
L/
=Y

Example 2

If f: 2+ 22°— 3z, find the value of:

a f(5) b f(—4)

flz) = 2r° — 3z [We use brackets to help]
a f(5) =2(5)*—3(5) {replacing z with (5)} avoid confusion.
=2X25—-15
= 35
b f(—4)=2(—4)"—3(—4) {replacing x with (—4)}
= 2(16) + 12
= 44

EXERCISE 3B
1 If f: 2~ 3z4 2, find the value of:

a f(0) b f(2) ¢ f(=1) d f(-5) e f(—3)
2 If f(x)=3x—2*+2, find the value of:

a f(0) b f(3) ¢ f(=3) d f(-7) e f(3)

3 If g: 2+ o — =, find the value of:
€T
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L The graph of y = f(x) is shown alongside.
a Find:
i f(2) i f(3)
b Find the value of x such that f(z) = 4.

=Y

5 Suppose G(x) = 2;__'_;.
a Evaluate i G(2) i G0O) i G(-3)

b Find a value of x such that G(x) does not exist.
¢ Find z such that G(z) = —3.

) Self Tutor

If f(xr)=5— 2 — 2% find in simplest form:
a f(—x) b f(zr+2) ¢ flx—1)-5

a f(—x)=5—(-x) — (—x)° {replacing = with (—x)}
=5+ 2 — x?

b fz+2)=5—(x+2)— (z+2)° {replacing x with (x + 2)}
=5—x—2— [z°+ 4z + 4]
— 3 — p— o — gy — 4
— 2 — 5z —1
¢ fz—1)-5=0GB-(x—1)—(z—-1)*) -5 {replacing x with (z — 1)}
=5—z+1—(z“*—2x+1) -5
= L

6 If f(x)="7— 3z, find in simplest form:

a f(a) b f(—a) ¢ fla+3)

d f(2a) e f(x—+2) f f(z+h)
7 If F(x)=2x*+3x—1, find in simplest form:

a F(x+4) b F(2—ux) ¢ F(—x)

d F(z?) e F(31) ¢ F(z+h)

8 If f(xr)=x* find in simplest form:
a f(3z) b f(%) ¢ 3f(z) d 2f(x—1)+5
9 If f(x)= l, find in simplest form:
I

a f(—ux) b f(sx) ¢ 2f(x)+3 d 3f(x—1)+2

10 f represents a function. Explain the difference in meaning between f and f(x).
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11 On the same set of axes, draw the graphs of three different functions f(z) such that f(2) =1 and
f(5) =3
12 Find a linear function f(x) =az + b for which f(2) =1 and f(—3) =11.

13 Samantha 1s filling her car with petrol. The amount of petrol in the tank after £ minutes 1s given by
P(t) =5+ 10t litres.

a Find P(3), and interpret your answer.

b Find t when P(f) =50, and explain what this represents.

¢ How many litres of petrol were in the tank when Samantha started to fill 1t?

14 For a hot air balloon ride, the function H (%) gives A H (metres)
the height of the balloon after ¢ minutes. Its graph 1409
1s shown alongside.

800

a Find H(30), and explain what your answer
means. 600

b Find the values of ¢ such that H(t) = 600.
Interpret your answer. 400

¢ For what values of ¢t was the height of the

balloon recorded? 200

d What range of heights was recorded for the
balloon?

t (minutes)

15 Given f(x)=ax+ E, f(1)=1, and f(2) =5, find constants a and b.
£I

16 The quadratic function 7(z) = ax? + bz + ¢ has the values T(0) = —4, T(1) = —2, and
T(2) =6. Find a, b, and c.

17 The value of a photocopier ¢ years after purchase 1s given by
V(t) = 9000 — 900t pounds.

Find V(4), and state what V' (4) means.
Find t when V(t) = 3600, and explain what this means.

Find the original purchase price of the photocopier.

2 A O o

For what values of ¢ 1s 1t reasonable to use this function?

We have seen that a relation 1s a set of points which connects AY
two variables.

The domain of a relation 1s the set of values which the
variable on the horizontal axis can take. This variable is
usually z.

The range of a relation is the set of values which the variable
on the vertical axis can take. This variable 1s usually y.

: , : I
+—— domain —» T
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The domain and range of a relation can be described using set notation, interval notation, or a number
line graph. For example:

Set notation Interval notation Number line graph Meaning
the set of all  such
{x |z >3} T >3 - 1 ", . | that = is greater than
3 or equal to 3
the set of all x such
<2 <2 - 1 |
|z <2} . - Ig > | that x is less than 2
X . the 5et‘of all x such
{z ]| -2<z<1} —2<x<1 - |, . | that x is between —2
—2 1 and 1, including 1
the set of all x such
{z|z<0 or 2>4} | 2<0 or & >4 _,.HI o—> - that  1s less than or
0 4 equal to 0, or greater
than 4

DOMAIN AND RANGE OF FUNCTIONS

To find the domain and range of a function, we can observe its graph. For example:

(1) In the Opening Problem, the car

(2)

(3)

30

park charges function 1s defined for
times ¢ such that 0 <t < 24.

the domain is {t

The possible charges are
£11, £13, £18, £22,

the range 1s

{5,9, 11, 13, 18,

AY

|0 <t <24} =0

£5, £9,

and £28. 10

22, 281

> T

(—=1,-3)

U

e

A charge (£) .
o0
oD
O
o—e
O—_e
o—e
time (hours)
0 3 0 9 15 18 21 24
All values of # > —1 are included,
so the domainis {z |x > —1}.
All values of y > —3 are included,
so the range is {y |y > —3}.
x can take any value, ~ N

so the domain 1s
{r e R} or z€R.

y cannot be > 1,

so the range is {y | y <

1.

r € R means
“x can be any
real number”.

6
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(4) AY g x can take all values except 2,

: so the domain is {x | x # 2} or x # 2.
y can take all values except 1,

so the range is {y |y # 1} or y # 1.

To fully describe a function, we need both a rule and a domain.

2

For example, we can specify f(z) = x* where x > 0.

If a domain is not specified, we use the natural domain, which is the largest part of R for which f(x)
is defined.

Some examples of natural domains are shown in DOMAIN f(x) | Natural domain
the table opposite. AP 2
T r e R
Click on the icon to obtain software for finding the VT r =0
natural domain and range of different functions. 1
- x # 0
I
1
— x>0
NE

__Example 4 |

For each of the following graphs, state the domain and range:

a AY = AY
(4,3) \
- > T - P > T
(8!' _2) (29 _1)
Y \J
a Domainis {z|x <8} b Domainis {z € R}
Rangeis {y|y > —2} Rangeis {y|y=>—1}

EXERCISE 3C

1 A driver who exceeds the speed limit receives demerit
points as shown 1n the table.

Amount over speed
limit (x kmh™1)
0 <x <10
10 < x < 20

20 < 2 < 30
< x <45
T = 45

Demerit points (y)

a Draw a graph to display this information.

© Find the domain and range of the relation.

o =] Ot W D
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2 This graph shows the temperature in Barcelona over A temperature (7" °C)

a 30 minute period as the wind shifts. 30
a Explain why a temperature graph like this must 25
be a function. 2
b Find the domain and range of the function. 15
10
5)

time (£ minutes)

P >

b 10 15 20 25 30

3 For each of the following graphs, find the domain and range:

a Y b AY C AY
- S, : T
* D

ELIT:Q

\J Y Y
2] AY e AY f YA
(0,2) (5.6%)
‘EAS»I: - & > T - & g
(13 _1)
\J Y \J
h AY i Ay
(2, —2) E
(—4,—3) N o
v i A |
L Consider the graph of y = f(x) alongside. (—7.10) AY
Decide whether each statement 1s true or false: ’
a —5 is in the domain of f. (5,8)
© 2 1s 1n the range of f. (~4.6) (0,6)
¢ 9 is in the range of f. y=f(z)
d /2 is in the domain of f. (2,3)
- S, E
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5 Use quadratic theory to find the range of each function:

a y==2a? b y=—1° ¢ y=a*+2
d y=—-2(z+3)* e y=1—(x—2)° f y=2r+1)*+3
g y=2a°—T7cr+10 h y=—22+22+8 i f:x+— bx— 3x°

__Example 5| ) Self Tutor

State the domain and range of each of the following functions:
1 1
d f(fl’!)—\/ﬂ?—5 o f(il?) P C f(fﬂ) \/:I:_—5
a Vr—5 isdefinedwhen 2 —5>0 AY
LT 20 y=vz—5
the domain is {x | x > 5}.
A square root cannot be negative.
the range is {y | y = 0}. - _
h £
\/
b —— s defined when z—5 0 AY
-
s ==k
the domain is {z | x # 5}.
No matter how large or small x is, —
y = f(x) 1is never zero.
the range is {y | y # 0}. I
C \/% 1s defined when = —95 > 0 AY
T > 9
the domain is {x | z > 5}.
y = f(x) 1s always positive and never zero. 9
the range is {y | y > 0}.
\J
6 Consider the function f(x) = +/x.
a State the domain of the function. (DOMAIN
b Copy and complete this table of values: it O(1]4]9] 16
()
¢ Hence sketch the graph of the function.
d Find the range of the function.
7 State the domain and range of each function:
1 1
a f(2) = VIt b fize ¢ f2)=—
1 1
d y=—— e f:x f f:x—V4d—2x
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Example 6

Use technology to help sketch these functions. Locate any turning points. Hence state the domain
and range of the function.
a f(r)=—a*4+2c-7 b f(jf,‘)::lj‘z—l
£
a AY o Y
- 4 >
e
(0.794, —5.81)
—7 (—0.794, 1.89)
- £ >
X
4 _p2__1
flx)=—a*+2x—7 fl@)=z"—3
P
The domain is {z | x € R}. The domain is {x |  # 0}.
The range is {y |y < —5.81}. The range is {y | y € R}.
8 Use technology to help sketch these functions. Locate any turning points. GRAPHING

PACKAGE

Hence state the domain and range of the function.
a f(r)=a°—-32*-92+10 b f(z)=2*+42° — 162+ 3

¢ flz)=Va2+4 d f(x)=va?—-14
e f(x) =9 — a2 f f(x) = z+4 g Locating any turning points is A
T — 2 important for finding the range.
g flz) =222 h f@)=z+ L ) ’
r? —x — 2 T
| fla) =2+ - | f(2) =2® + =
) =T :f;_2 | T) = 7T E
k f(.i?) — 3= I f(ﬂl’) — p9Q—a

9 Use technology to sketch these functions on their given domain. Locate the points at the end(s) of
the domain, as well as any turning points. Hence state the range of the function.

a y=—2t+223+5224+z2+2, 0<xr<4

b y=-22"+52°+x+2, —-2<a2<2

C y= ! x>0
Y 1422’
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5J0 RATIONAL FUNCTIONS

Linear and quadratic functions are the first members of a family called the polynomials. The polynomials

can all be written in the form y = ag + a1z + asx® + azz’

When a polynomial is divided by another polynomial, we call it a rational function.

However, 1n this course we consider only the simplest cases of a linear function divided by another linear
function.

RECIPROCAL FUNCTIONS

A reciprocal function is a function of the form y = E, k = 0.
aZ

The graph of a reciprocal function is called a rectangular hyperbola.

The simplest example of a reciprocal function is f(z) = 1 Its graph 1s shown below.
J

Notice that: y:

e The graph has two branches. vertical
1 asymptote —

e y = — 1s undefined when x = 0, so the =0 |
€L

domainis {z | z # 0}.
On a sign diagram, we indicate this value with
a dashed line.

—_— : _|_ .
- : > T horizontal
0 asymptote
e The graph includes two asymptotes, which are
lines the graph approaches but never reaches.
» 1 =0 1s a vertical asymptote.
: _ 1
We write: as z — 0, — — —00
X
P |
as r— 0", ——
£
1 — 1T1CAIlS
When “as = — 07, — — o0” is read out loud, “approaches” or
v 1 “tends to”.

we say “as x tends to zero from the right, —
i

tends to infinity.”
» y =20 1s a horizontal asymptote.

. 1
We write: as x — oo, - =0t
T
1 _
as r— —oo, — —10
xIr
. 1 .
When “as x — oo, — — 0T is read out loud,
£

. : 1
we say “as x tends to infinity, — tends to zero
£

from above.”
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When sketching the graph of a reciprocal function, it
is useful to determine some points which lie on the
graph.

The reciprocal function y = k passes through the
€I
points (1, k), (k, 1), (=1, —k), and (—k, —1). 2 -
EXERCISE 3D.1
1 a Sketch the graphs of y = l,, Y = E, and y = 2 on the same set of axes. PENO
£ L £
© For the function y = E,, k> 0:

I
I Describe the effect of varying k.
il State the quadrants in which the graph lies.
i Draw a sign diagram for the function.

2 a Sketch the graphs of y = —l, Yy = —E, and y = 2 on the same set of axes.
X X

£

b For the function y = E, k< 0:
XL

I Describe the effect of varying k.
il State the quadrants in which the graph lies.
ili Draw a sign diagram for the function.

: . k
3 For the reciprocal function y = —, k # 0, state:
H
a the domain b the range
¢ the vertical asymptote d the horizontal asymptote.

4 Determine the equation of each reciprocal function:

a YA b Yk C AY
(6,1) (—9,4)
L
- ans > > S, >
X £
Y \J

RATIONAL FUNCTIONS OF THE FORM y = = i; c# 0

We now consider the rational functions which result when a linear function 1s divided by another linear
function.

The graphs of these rational functions also have horizontal and vertical asymptotes.
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INVI RATIONAL FUNCTIONS
What to do:

1 Use technology to examine graphs of the following functions. For each graph: Gpﬁwgf

I State the domain. il Write down the equations of the asymptotes.

3 3r+1 2r — 9
a = —1 b = C —
Y | r— 2 J r -+ 2 Y 3—=x

2 Experiment with functions of the form y = ° a where b, c # 0.

cr+d
For an equation of this form, state the equation of:

a the horizontal asymptote b the vertical asymptote.

. . . b
3 Experiment with functions of the form y = Mid where ¢ # 0.
Cxr

a For an equation of this form, state the equation of the vertical asymptote.

b Can you see how to quickly write down the equation of the horizontal asymptote? Explain
your answer.

b

e For a function written in the form y = y—— -a where b, ¢ # 0:

» the vertical asymptote 1s x = —g » the horizontal asymptote 1s y = a.
e For a function written 1n the form y = ifi; where ¢ # 0:

» the vertical asymptote 1s = = —S » the horizontal asymptote 1s y = %.

__Example7

Consider the function y = 0 > - 4.
- —

a Find the asymptotes of the function. b Find the axes intercepts.

¢ Use technology to help sketch the function, including the features found in a and b.

a The vertical asymptote 1s * = 2. C
The horizontal asymptote 1s y = 4.

b When y =0, 0 = —4
T — 2
—4(x—2)=06
—4r+8=6
. —4x = -2

L= 3

When 2 =0, y==+4=1

So, the z-intercept is 5 and the
y-intercept 1s 1.
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E  athDeg forn]
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EXERCISE 3D.2

1 For each of the following functions:

I Find the equations of the asymptotes. Il State the domain and range.
i Find the axes intercepts.

iv. Discuss the behaviour of the function as i1t approaches its asymptotes.
v Sketch the graph of the function.

3 1

o f:x+— 2

T — 2 r—3 ‘ f($)=2 :

r+1

Example 8

o) Self Tutor

: : — 1
Draw a sign diagram for — :
S st 2x + 1
—1 .
_ i1s zero when x = 1 and undefined when = = —%.
2z 1 1
. L - —1 9
a L -~ When 2 =10, —— = — >0
~ I 1 = 2r+1 21
Since (x—1) and (2x+ 1) are I
single factors, the signs alternate. —% 1 ‘

2 Draw the sign diagram for:

d c AY r=3
*4——/531 E
yz_g """"""""""""""""""

\J
3 Draw a sign diagram for:
. r -+ 2 b T . r+ 1 d T — 2
r—1 r+ 3 r+ 5 2z + 1
2x + 3 ¢ dxr — 1 g 3x h —8x

4 —x 2 —x T — 2 33—
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Example 9

- 0 O A o

Consider the function f(x) =

%) Self Tutor

2¢ + 1

r—1

Find the vertical asymptote of the function. b Find the axes intercepts.
Rearrange the function to find the horizontal asymptote.

Draw a sign diagram of the function.

Hence discuss the behaviour of the function near the asymptotes.

Sketch the function, showing the features you have found.

The vertical asymptote is = = 1.

f(0) = 11 — —1, so the y-intercept is —1.

f(x) =0 when 2x+1=0
R |
2

the x-intercept is —%.

2z + 1
= f
fla) = 25
_ 2(x—1)+3
r—1
= 2 3
r— 1
the horizontal asymptote 1s y = 2.
+ = i+
- 1 >
— 1
As z— 17, f(xr)— —x
T 4 ™
AsS .’L‘%l, f(ﬂ})—?'m As ‘$|—3*DG, the
As © — —oo, f(x)— 2~ | 3
e T — 6o f(z) — o+ fraction P
becomes infinitely
\ small. y

4 For each of the following functions:

I Find the equation of the vertical asymptote.

Find the axes intercepts.
Rearrange the function to find the horizontal asymptote.

iv Draw a sign diagram of the function.
v Hence discuss the behaviour of the function near its asymptotes.
vi Sketch the graph of the function.
T T+ 3 3r — 1
a f(z) — b f.ﬂ::.f;_ﬂ_2 ¢ f(x) —
2z +1 . 2x+4 o+ 3
d f(x) " e fram 3 _ o i) 2¢ — 1



FUNCTIONS (Chapter 3) 83

. : + b
5 Consider the function y = ———, where a, b, ¢, d are constants and ¢ # 0.
CL T

State the domain of the function.

b State the equation of the vertical asymptote.
¢ Find the axes intercepts.

ar+b
cr + d

ad
b— =

d Show that for ¢ # 0,

c
C

Hence explain why the horizontal asymptote 1s y = iy
C

ACTIVITY

Click on the icon to run a card game for rational functions. GAME

E DMPOSITE FUNCTIONS

Given f: x+— f(x) and ¢g: = — g(x), the composite function of f and g will convert x
into f(g(x)).

J o g 1s used to represent the composite function of f and g. It means “f following g”.

(fog)(z)=f(g(x)) or fog:z— f(g(x)).

4

Consider f: x+— z* and ¢: x +— 2z + 3.

f o g means that g converts x to 2x + 3 and then f converts (2z+3) to (2x + 3)%.

This is illustrated by the two function machines below.

T
N\ l [ g-function machine
[ double 20 + 3
and then
add 3 l f-function machine
/
2% + 3 [ raise a
number to | ‘
the power 4 l

(2z + 3)*

Notice how [ 1s
following g.
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Algebraically, if f(xz) =2* and ¢g(z) =2z + 3 then

(fog)(z) = f(g(x))
= f(2z + 3)
= (2x + 3)*
and (go f)(x)=g(f(x))
= g(z")

{g operates on x first}
{ f operates on g(x) next}

{ f operates on x first}

—2(2*)+3  {g operates on f(x) next}
= 2z2% + 3

So, f(g(x)) # g(f(x)).

In general, (f o g)(z) # (g0 f)(x).

Example 10

Given f:xz—2x+1 and ¢g: x+— 3 — 4z, find in simplest form:

a (fog)(x) b (g0 f)(x)

f(x)=2x+1 and g(x) =3 —4x

a (fog)(z)= f(g9(x)) b (g0 f)(z)=g(f(z))

= f(3 — 4x) = g(2z + 1)

= 2(3 —4z) + 1 —3—4(22 + 1)
=6—8r+1 =3—-8x—14
=7 — 8z = —8x — 1

In the previous Example you should have observed how we can substitute an expression into a function.

If f(x)=2x+1 then f(A)=2(A)+1
and so f(3 —4z)=2(3 —4x)+ 1.

_Example 11

Given f(z)=6x—5 and g(x) = x* + 2, find:

a (gof)(—1) b (fof)O0)
a (go f)(—=1) =g(f(-1)) E (f o f)(0)=f(f(0))
Now f(—1)=6(—-1)—5 Now f(0)=6(0)—5
= —11 = —5
s (go f)(=1) =g(—11) L (fof)0)=f(-5)
= (—11)* + (—11) — 6(—5) — 5

= 110 = —35
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You should be aware that the domain of the composite of two functions depends on the domains of the
original functions.

For example, consider f(z) = 22 with domain v € R and g¢(x) = y/r with domain x > 0.

(fog)(x)=flg(x))

= (V)7 The domain of (fog)(x) is x>0, not R, since (f o g)(x)
=z is defined using function g(x).

EXERCISE 3E

1 Given f: 22— 2x+3 and ¢g: x— 1 — 2, find in simplest form:

a (fog)(x) b (g0 f)() ¢ (fog)(=3) d (go [f)0)

2

2 Given f:xz+— —2x and ¢g: x+— 1+ z*, find in sitmplest form:

a (fog)(z) b (9o f)(z) ¢ (fog)(2) d (fof)(=1)
3 Given f(z)=3—2% and g(x)=2x+4, find in simplest form:

a (fog)(x) b (g0 f)(z) ¢ (909)(3) d (fof)(-3)
k Given f(x)=+6—2x and g(x)=>5x—7, find:

a (gog)(x) b (fog)(l) ¢ (go f)(6) d (fof)2)

5 Suppose f:ax+—a2°+1 and ¢g: 2 +— 3 — .
a Find in simplest form:
i (fog)(x) i (gof)(x)
b Find the value(s) of = such that (go f)(x) = f(x).

6 Suppose f(z)=9—+/x and g(x)=2?+4.
a Find (fog)(xr) and state its domain and range. b Find (go f)(4).
(

¢ Find (fo f)(x) and state its domain and range.

7 Suppose f(x)=1-—2z and g(x) =3z + 5.
a Find f(g(x)). b Hence solve (fog)(x) = f(x+3).

2

8 Suppose f:x+—2rx—2° and ¢g: x— 1+ 3.

a Find in simplest form:
i (fog)(x) i (gof)(x)
b Find the value(s) of x such that (fog)(x) =3(go f)(x).

9 For each pair of functions, find (f og)(z) and state its domain and range:

a f(:}:)zi and g(z)=x—3 b f(m):—i and g(x) = 2% + 3z + 2

10 a If ax+b=cx+d forall values of x, show that a = ¢ and b = d.
Hint: [f it 1s true for all x, it 1s true for x =0 and z = 1.
b Given f(xr) =2x+3 and g(z) =ax+0b and that (fog)(x) = = for all values of =,

deduce that a = % and b = —%.

¢ Is the result in b true if (go f)(z) =« for all x?
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11 Suppose f(z)=+/1—2x and g(z)= z*. Find:
a (fog)(x) b the domain and range of (f o g)(x).

12 Suppose f(x) and g(x) are functions. f(x) has domain D and range R;. g(z) has domain D,
and range R,.

a Under what circumstance will (f o g)(x) be defined?

b Assuming (fog)(x) is defined, find its domain.

Fl . INVERSE FUNCTIONS

The operations of + and —, X and =+, are inverse operations as one “undoes” what the other does.

r— 3

The function y = 2x + 3 can be “undone” by its inverse function y = >

We can think of this as two machines. If the machines are inverses then the second machine undoes what
the first machine does.

No matter what value of x enters the first machine, it is returned as the output from the second machine.
1

input\ l (

output

aput |4 —
W S e |H

inverse function 1 output

y=2r+3 l
D

function

A function y = f(x) may or may not have an inverse function. To understand which functions do have
Inverses, we need some more terminology.

ONE-TO-ONE AND MANY-TO-ONE FUNCTIONS

A one-to-one function is any function where:

e for each x there is only one value of ¥ and

e for each y there is only one value of .

Equivalently, a function is one-to-one if f(a) = f(b) only when a =b.

One-to-one functions satisfy both the vertical line test and the horizontal line test.

This means that:

e no vertical line can meet the graph more than once

e no horizontal line can meet the graph more than once.
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For example, f(z) = x° is one-to-one since it passes both

the vertical line and horizontal line tests.

If the function f(x) is one-to-one, it will have an inverse function which we denote f~1(x).

Functions that are not one-to-one are called many-to-one. While these functions satisfy the vertical line
test, they do not satisfy the horizontal line test. At least one y-value has more than one corresponding
r-value.

For example, f(x) = x° fails the horizontal line test, since if
f(x) =4 then x = —2 or 2.

f(x) = 2? is therefore many-to-one.

If a function f(x) is many-to-one, it does not have an inverse function.

PROPERTIES OF THE INVERSE FUNCTION

If f(z) has an inverse function, this new function: ‘ £=1(z) is the inverse of f. R
e is denoted f—'(x) In general,
e must satisfy the vertical line test f(z) # f(lm) _
e has a graph which is the reflection of y = f(x) intheline y =2 - /
o satisfies (fo f 1 (z)=2 and (f~'o f)(x) == \

The function y = x 1s called the identity function because it 1s its own
inverse, and when its inverse is found, (z, y) maps onto itself.

If (x,y) lieson f,then (y, ) must lic on f~1.
Geometrically, this is achieved by reflecting the graph of y = f(x) in the line y = .
Algebraically, we find the formula for an inverse function by exchanging x and y.

For example, f:y=5x+2 becomes [~ ':z=>5y+2,
r— 2

which we rearrange to obtain f~': y = -
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f(z) =5z + 2 y = f~1(xz) is the inverse of y = f(x) as:

e 1t 1s also a function

e it is the reflection of y = f(x) in the
line y = .

If f(x) has an inverse function f~!(x), then:

The domain of f~1! is equal to the range of f.

The range of f~! is equal to the domain of f.

__Example 12

Consider f : x+— 2z + 3.
a On the same axes, graph f and its inverse function 1.
b Find f~'(x) using:
I coordinate geometry and the gradient of y = f~'(z) from a
il variable interchange.

¢ Check that (fo f~H(x)=(f"tof)(x) =2

a f(xr)=2x+ 3 passes through (0,3) and (2, 7).
f~'(x) passes through (3, 0) and (7, 2).

If f includes point (a, b)
then f~! includes point (b, a).
/

Z

_ . 2—0 1
b i y=f12) h dient = —
y = f~ "(x) has gradien — =3
Its equation is y—0 _ 1
r—3 2
=3
J 2
f(2) = 222
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¢ (fof ™ H)(x)=f(f" () and  (f7'of)(x)=f"'(f(x))
B (:1:—3) = f~1(2z + 3)

_ (2z+3) -3

|
o
N
&

Do ||
o2
S——
o
DO

2

|
&
b

— f
EXERCISE 3F
1 For each of the following functions f: 4 h
wing f When graphing f and f !
I On the same set of axes, graph y =2, y = f (117): and on a calculator, choose a
Y = f—l(x)_ scale so that y = x appears
at 45° to both axes.

ii Find f~'(z) using coordinate geometry and the gradient
of y= /~1(z) from|. N

lii Find f~!'(z) using variable interchange.

K r -+ 2

a f:rx—3x+1 b f:x T

2 For each of the following functions f:
i Find f~1(2).
ii Sketch y = f(x), y=f"'(x), and y = x on the same set of axes.
lii Show that (f~'o f)(x)= (fo f~1)(x) =z, the identity function.

3 — 2T

a f:x—2x4+5 b f:xm -

c f:rx—2x+3

3 Copy the graphs of the following functions and draw the graphs of y =2 and y = f~!(z) on
the same set of axes. In each case, state the domain and range of both f and 1.

PRINTABLE
° Y ¢ +y GRAPHS
y=f(z)
x y=f(x) —3 ! xr
> 4 - P >
x
=3 = =
\J Y \ J
d AY e
y=[(z)
1
T
¥ =
\J

L Given f(x)=2x—5, find (f~1)~!(z). What do you notice?
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10

12

13

14

15

Show that the function y =3 — z 1s its own inverse.

-

\.

If a function i1s its
OWN Inverse, we

self-inverse.

~

say the function i1s J\

Which of the following functions have inverses? Where an inverse exists, write down the inverse

function.
a {(1,2),(2,4), (3,5)}
¢ {(2,1),(=10),(0,2), (1, 3)}

H(x).
Sketch the graph of f: z + x° and its inverse function [~

Given f(x) = l, x # 0, show that f is self-inverse.
£z

The horizontal line test says: [For a function to have an inverse function, no horizontal line can

cut its graph more than once.

().

a Explain why this 1s a valid test for the existence of an inverse function.

© Which of the following functions have an inverse function?

i Ay I AY
1
- _1 T E g E
\ 2
I,—1
| ¢

Explain why f: z+— 2? —4 does not have an inverse.

Consider f: x+— 22, = < 0.
a Find f~(x).

b {(=1,3),(0,2), (1, 3)}
d {(=1,-1),(0,0), (1, 1)}

If the one-to-one function H(x) has domain {z | —2 < 2 < 3}, find the range of its inverse

b Sketch y = f(z), y==, and y = f~!(z) on the same set of axes.

Consider the functions f: x+—2x+5 and ¢g: z +— 5 -,

a Find g (z). b Hence solve ¢g(z) = —1.

¢ Show that f~*(=3)— ¢ '(6) = 0.

Given f: x+—2x and g: x+> 4z — 3, show that (f~log 1) (z) = (g0 f) ' (2).

3r —8

:I:_

Find the inverse of f: x — , *# 3 by:

a referring to its graph b using algebra.

d Find x such that (fog 1)(z) =09.
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a B is the image of A under a reflection in the line y = x.
If Ais (z, f(x)), find the coordinates of B.

b By substituting your result from a into y = f~!(x),
show that f~1(f(x)) = x.

¢ Using a similar method, show that f(f~'(z)) = .

=Y

The absolute value or modulus of a real number x 1s its distance from 0 on the number line.
We write the absolute value of x as |z |.

Because the absolute value 1s a distance, 1t cannot be negative.

o If >0, |z|=ux. o If <0, |z|=—x.
< |z > - |z >
- o - >
0 X x 0

For example: |7|=7 and |-5|=05.

< D > 7 -
P | | | ~

—D 0 7

This leads us to the algebraic definition:

_ T if >0
The absolute value of z is |z | = < .
—x 1if z <O0.
The relation y = | x| is in fact a function. Y
We call 1t the absolute value function, and it y=|z]
has the graph shown. This branch This branch
s y=—x, x <0. s y=xz, x = 0.
-~} L5 |

I

THE GRAPH y = | f(z)|

The absolute value of the function f(z) is | f(z)| = <

To obtain the graph of y = | f(x)| from the graph of y = f(x):
e Keep the graph for f(x) > 0.
e Reflect the graph in the z-axis for f(x) < 0, discarding what was there.

e Points on the x-axis are unchanged.
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m %) Self Tutor

Draw the graph of f(x) = 3z(x — 2) and on the same set of axes draw
the graph of y = | f(z)].

-
The graph of y= f(z) is

unchanged for f(xz) >0 and
reflected in the z-axis for f(z) < 0.

EXERCISE 3G

1 On the same set of axes draw the graphs of:
a y=2r—4 and y= |2z —4| b y=5—3x and y= 15— 3z

2 Copy the following graphs for y = f(z) and on the same set of axes draw the graph of y = | f(z) |:

a b AY
y=f(z)
ﬂ/\h
< I
\J
C AY d (7 W
y=f(z) f g
\y=/(z)
—2 x y=2 | . S
2 *\ﬁ\ G
Y \ v Viz=4
3 On the same set of axes, draw the graphs of:
a y=z(x+2) and y=|z(x+2)|
b y=—-2°+62—8 and y = ‘—$2+6$—8 .
4 On the same set of axes, draw the graphs of:
a -y:E and y = 2 b y:—E and -y:|—§.
£ £ I I
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THEORY OF KNOWLEDGE

The notation and terminology of mathematics has rules which tell us how to construct expressions
or mathematical “sentences”. This allows us to communicate mathematical ideas in a written form.

For example, the expression “1 + 1 = 27 tells us that “one added to one is equal to two”.

1 What does it mean for something to be a “language’?
2 Does mathematics have a “grammar” or syntax in the same sense as the English language?
In computer science, Backus-Naur form (BNF) is commonly used to define the syntax of

programming languages. BNF can also be used to describe the rules of non-programming related
languages.

3 Research how BNF works and use it to define the syntax of mathematical function notation.

4 Mathematical expressions can also be represented with diagrams such as abstract syntax
trees and syntax (railroad) diagrams. Which form is more efficient in conveying its
information? Which form 1s more useful?

The fact that something 1s grammatically correct does not make 1t /ogically true.

For example, consider the grammatically correct but illogical English sentence: “The sun is cold.”

5 The syntax of a language refers to its structure and rules. The semantics of a language
is all about 1s meaning.

a Why i1s it important to distinguish between these two concepts?
b I[n mathematics, is one more important than the other?

1 For each graph, state:

| the domain il the range ili whether the graph shows a function.
3 AY 0 AY
- >
2
- S >
\J
C sl AY
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2 If f(x)=2x— 2% Mfind:

a f(2) b f(-3) ¢ f(—3)
3 The graph of y = f(x) is shown alongside. AY
a Find:
i f(=3) i f(2)

b Find the value of x such that f(z) = 4.

& Suppose f(x) =ax+b where a and b are constants. If f(1) =7 and f(3) = —5, find a

and .
5 Given h(x)=7— 3z, find:
a h(2x — 1) in simplest form b oz suchthat A(20 —1) = —2.
6 This graph shows the noise level at a stadium A Noise level (N decibels)
during a football match. 100
Find the domain and range of the function. 90
80
70
60 : :
i Time (£ minutes)
B 7 20 40 60 80 100 120 g
7 Consid = 2
onsider f(x) = -

a For what value of x is f(x) undefined? b Sketch the function using technology.

¢ State the domain and range of the function.
8 Consider f(z)=2° and g(x) =1 — 6x.
a Show that f(—3) = g(—%). b Find x such that g(x) = f(5).

9 Find the domain and range of:

a y=+zr+4 b y=—-(1-2)*+1 ¢ y=2z° -3z +1

10 Determine the equation of the reciprocal functions:

G AY b AY \‘
(4, —5) \\
\ J Y

11 Sketch a rational function with domain {z | x # 4}, range {y |y # —1}, and

1 4

sign diagram

= T .
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4dr + 1
2 —x
Find the equations of the asymptotes.

12 Consider the function f: x +—

b State the domain and range of the function.

¢ Draw a sign diagram of the function. Hence discuss the behaviour of the function as it
approaches its asymptotes.

d Find the axes intercepts.
e Sketch the function.

13 If f(z) =22 -3 and g(x) = 2* +2, find in simplest form:

a (fog)(z) b (g0 f)(x) ¢ (fof)2)
14 Suppose f(z)=2x—5 and g(x) =3z + 1.

a Find (fog)(x). b Solve (fog)(x)= f(x+3).
15 If f(x)=1-22 and g(x) = +/x, find in simplest form:

a (fog)(x) b (g0 f)(x) ¢ (g909)(81)

16 If f(v)=ax+b, f(2)=1, and f~1(3) =4, find a and b.

17 Copy the following graphs and draw the inverse function on the same set of axes:

a AY b AY
-2
_2
-5 0 1 - & — _hlhﬂ:
Y Y

18 Find f !(x) given that f(x) is:

a 4x + 2 b 5o

1

19 Given f: xz+— 3z +6 and h: ::.';’Hg, show that (f~'oh 1) (z) = (ho f)~!(x).

20 The graph of the function f(z) = —427%, 0< 2 <2 Ay
1s shown alongside.

a Sketch the graph of y = f~!(x). |
b State the range of 1. 5

¢ Solve:

or — 1 . :
21 Show that f: xz - =z #+ 5 1s its own inverse by:
:I:‘ —
a referring to its graph b using algebra.

22 If f:2— /x and ¢g: z+— 3+, find:
a f71(2) xg7(2) b (fog)7'(2).
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23 Draw on the same set of axes:
a y=—-2>—-22+4+3 and y=|-2®—2z+3

b y——— and y = ‘——

REVIEVW SET 3B

1 State the domain and range of each function:

YA (3,9)
— »
le o(3,1)
e >
o—1
\j

2 If g(x) = 2% — 3z, find in simplest form:
a glz+1) b g(4x)

3 For each of the following graphs, determine:

| the domain and range  ii the = and y-intercepts il whether it is a function.

b AY
1

- 4 > T
> 7 _1: “J/

g 2, -5 = oo =3
Y ( ) Y

4 Use algebraic methods to determine whether these relations are functions:

a z+2y=10 b z+y° =10
- 3x—1
5 Suppose f(x) e
a Evaluate:
i f(-1) i £(0) i f(5)

b Find a value of x such that f(x) does not exist.
¢ Find f(xz—1) in simplest form.
d Find z if f(x)=4.

6 Given f(z)= 2%+ 3, find:
a f(-3) b 1z such that f(x) = 4.

7 State the domain and range of:

| 3
d f(il?)=10 | o7 — 1

b f(o)=Vax+7
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10

13

14

15

16

17

a Use technology to help sketch the graph of the relation y = /9 — .
b Determine whether the relation is a function.
¢ Find the domain and range of the relation.

Suppose f(x) = ax® 4+ bx +c. Find a, b, and cif f(0) =5, f(—2) =21, and f(3) = —4.

Use technology to sketch y = 2° —42% + 2, —1 < x < 4. Include the points at the ends of
the domain, and any turning points. Hence state the range of the function.

Draw a sign diagram for:

2¢ — 5 b 3—
x—4 x + 1
: 3
For the function f(z) = —1 A :
T+ 2
Find the equations of the asymptotes. b State the domain and range.

Find the axes intercepts.
Discuss the behaviour of the function as it approaches its asymptotes.
Sketch the graph of the function.

N O an o

Given f(x)=3—2° and g(x) =2z — 1, find in simplest form:

a (fog)(z) b (g0 f)(x) ¢ (fof)(=2)
Suppose f(x) = m_lz and g(x) = 2* —4x + 3. Find (fog)(x) and state its domain and
range.

Suppose f(z) =3z +5 and g(z) = 22?2 — x.

a Find in simplest form:
i (fog)(z) il (gof)(x)
b Hence solve 3(fog)(x) = (go f)(x).

Copy the following graphs and draw the graph of each inverse function on the same set of axes:

a yA b yA
3
-t & > -
T
Y

Find the inverse function f~!(x) for:
a f(z)=7—4x b f(z) =

3+ 2x
5

Consider f: x+— 220 — 7.
a On the same set of axes graph y ==z, y = f(x), and y = f~!(x).
b Find f~!(z) using variable interchange.
¢ Show that (fo f~Y)(z)=(f"'o f)(x) ==, the identity function.
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19 Given f: x+—5x—2 and h: x— %’T, show that (f~toh 1) (z) = (ho f)~1(x).
20 Consider the functions f(z) =3z + 1 and g(z) = z.
£

23

24

a Find (go f)(2).
b Given (go f)(z) = —4, solve for z.
¢ Let h(z) =(go f)(x), x # —%.
I Write down the equations of the asymptotes of h(x).
ii Sketch the graph of h(z) for —3 <z < 2.
lii State the range of h(z) for the domain —3 < x < 2.

Given f(x) =2x+11 and g(x) =22, find (go f~1)(3).

The function f(x) = mj S has asymptotes z = —1 and y = 2.
a Find a and b. b Find the domain and range of f~!(x).
x4+ 1
If f:z—2x+1 and g: x+— —» find:
a (fog)(x) b g !(2).
Copy the graph and draw the graph of y = | f(x)| on the same set of axes:
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OPENING PROBLEM

In our study of quadratic functions, we saw that the completed square form y = (x — h)? + k was
extremely useful in identifying the vertex (h, k).

Things to think about:
a What transformation maps the graph y = z° onto the graph y = (z — h)* + k?
b If welet f(z)= 2z what functionis f(z —h)+ k?

¢ In general terms, what transformation maps y = f(x) onto y = f(x — h) + k?

In this Chapter we perform transformations of graphs to produce the graph of a related function.

The transformations of y = f(z) we consider include:
e translations y= f(z)+b and y = f(x —a)
e stretches y=pf(x), p>0 and y= f(qx), ¢ >0
e reflections y = —f(z) and y = f(—x)
e combinations of these transformations.

TRANSLATIONS

If f(z)=a? then f(z—h)+k=(x—h)*+Ek.

The graph y = (z — h)? + k has the same shape as

y = 2.

It can be produced from vy = z? by a translation

h units to the right and k£ units upwards.

This shifts the vertex of the parabola from the origin
O(0,0) to (h, k).

INVESTIGATION 1 TRANSLATIONS

Our observations of quadratics suggest that y = f(x) can be transformed into y = f(x —a) + b
by a translation. In this Investigation we test this theory with other functions.

What to do:

— 3
1 Let f(x)==x". GRAPHING

a Write down:
i f(z)+2 i f(z)—3 i f(z)+6
Graph y = f(x) and the other three functions on the same set of axes.
Record your observations.

b Write down:
i f(z—2) i f(z+3) i f(x —6)
Graph y = f(x) and the other three functions on the same set of axes. Record your
observations.




TRANSFORMATIONS OF FUNCTIONS (Chapter 4)

101

¢ Write down:
i f(x—1)+3 i f(z+2)+1 i f(r—3)—14
Graph y = f(x) and the other three functions on the same set of axes.

: 1
2 Repeat 1 for the function y = —.

I

3 Describe the transformation which maps y = f(x) onto:
a y=f(z)+b b y=f(z—a) ¢ y=f(z—a)+b

& Do any of these transformations change the shape of the graph?

From the Investigation you should have found:

e For y= f(z)+0b, the effect of b is to translate the graph vertically through b units.
» If &> 0 1t moves upwards. » If b <0 1t moves downwards.

e For y= f(xz —a), the effect of a is to translate the graph horizontally through a units.

» If a >0 it moves to the right. » If a <0 1t moves to the left.

e For y= f(xr —a)+ b, the graph is translated horizontally @ units and vertically b units.

We say it is translated by the vector (';)

Example 1

Consider the graph of y = f(x) alongside. AY
On separate axes, draw the graphs of: )
a y=f(z)+2 b y=jf(z+4)
-

a The graph of y = f(z)+2 is found by translating
y = f(x) 2 units upwards.
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b The graph of y = f(z+4) is found by translating
y = f(x) 4 units to the left.

3 | T
?
y=f(z)
EXERCISE 4A
1 Consider the graph of y = f(z) alongside. AY
On separate axes, draw the graphs of: ;
a y=f(z)+5 b y=f(z—3)
¢c y=f(zr—3)+5
S R
2 AY Consider the graph of y = g(x) alongside.
\/3 On separate axes, draw the graphs of:
y=g(x) a y=g(x)—3 b y=g(z+1)
¢ y=gx+1)—3 d y=gx—2)—1
3 ? 3 6 %
—3
Y
3 Write g(x) in terms of f(x):
a AY b
3
y—/_f(\m) y=g(z) y=g(z)
- / 13 3 T - =3
-3
'
Y y
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10

11

Find the equation of the resulting graph g(x) when:

a f(x)=2x+ 3 is translated 4 units downwards
b f(x) =3x —4 is translated 2 units to the left

¢ f(x) = —2°+5x — 7 is translated 3 units upwards
d f(r) =2*+4x — 1 is translated 5 units to the right.

For each of the following functions f, sketch y = f(z), y= f(z)+1, and y = f(xz) —2 on the
same set of axes.

a flz)=a? b f(z) =23 ¢ flz)=- d f(z)=(z—1)>+2

For each of the following functions f, sketch y = f(x), y = f(x —1), and y = f(x+2) on the

same set of axes.
1

a fx) =2 b f(z) =" ¢ fla)=1 d f(z)

For each of the following functions f, sketch y = f(z), y= f(x —2)+3, and y= f(x+1)—4
on the same set of axes.

a f(z) =2 b f(z) =23 ¢ f(z)=- d f(z)=(z—1)2+2

(x —1)% +2

The point (—2, —5) lies on the graph of y = f(x). Find the coordinates of the corresponding
point on the graph of g(z) = f(z — 3) — 4.

Suppose the graph of y = f(x) has z-intercepts —3 and 4, and y-intercept 2. What can you say
about the axes intercepts of:

a g(z) = f(z) -3 b h(z) = f(z - 1) ¢ j(@) = flw+2)— 47

The graph of f(z) = 2° — 22 + 2 is translated 3 units to the right to form g¢(z). Find g(z) in
the form g(z) = ax® +bx + ¢

Suppose f(x) = z* is transformed to g(x) = (z — 3)* + 2.

a Find the images of the following points on f(x):

i (0, 0) i (—3,9) i (2, 4)
b Find the points on f(x) which correspond to the following points on g(x):
i (1, 6) i (—2, 27) i (15, 4%)

STRETCHES

In this Section we study how a function can be manipulated to stretch its graph.

We will consider stretches in both the horizontal and vertical directions.

A stretch can also
be called a dilation.
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In our study of quadratic functions, we saw that the coefficient a of z* controls the width of the parabola.

In the case of f(z) = z°,
notice that f(2z) = (2z)* = 4x2*
and 4f(x) = 427

e In what ways could y = 2* be stretched to form y = 4x2?
e Will a transformation of the form pf(x), p > 0 always be equivalent to a transformation of

the form f(qx), g > 0?

STRETCHES

INVESTIGATION 2

In this Investigation we consider transformations of the form pf(z), p > 0, and f(gx), g > 0.

What to do:
1 Let f(z) =2+ 2 GRAPHING
a Find, in simplest form:
i 3f(x) i %f(:c) i 5f(x)

b Graph all four functions on the same set of axes.
¢ Which point 1s invariant under a transformation of the form
[An invariant pnint]

pf(x), p>0?
does not move.

d Copy and complete:
For the transformation y = p f(x), each point becomes \
times 1ts previous distance from the x-axis.

2 Let f(x)=a+2
a Find, in simplest form:
I f(22) i f(3z) i f(4x)
b Graph all four functions on the same set of axes.
¢ Which point is invariant under a transformation of the form f(qgx), q > 07?

d Copy and complete:
For the transformation y = f(qz), each point becomes ......

distance from the y-axis.

times 1ts previous
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From the Investigation you should have found:

e y=npf(r), p>0 isa vertical stretch of y = f(z) with scale factor p and invariant x-axis.

» Each point becomes p times its previous distance from the z-axis.
» If p> 1, points move further away from the z-axis.

» If 0<p<1, points move closer to the x-axis.

: . : 1 . .
e y= f(qr), q > 0 is a horizontal stretch of y = f(x) with scale factor — and invariant

. q
Y-axis.

. 1 . : : . :
» Each point becomes — times its previous distance from the y-axis.
q

» If g > 1, points move closer to the y-axis.
» If 0<q <1, points move further away from the y-axis.

) Self Tutor

Consider the graph of y = f(x) alongside. AY
On separate axes, draw the graphs of: 3
a y=23f(z) b y=f(2)
L
£L
—3
Y
a The graph of y = 3f(x) is a vertical stretch of AY y=3fl(z)

y = f(x) with scale factor 3.

b The graph of y = f(2x) is a horizontal stretch Ay

of y= f(z) with scale factor 3. 3
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EXERCISE 4B
1 Consider the graph of y = f(x) alongside. Ay
On separate axes, draw the graphs of: 6
a y=2f(x) b y=f(3x)
PRINTABLE y=/(z) 3
GRIDS
) -3 i 3 T
y
2 AY Consider the graph of y = h(x) alongside.

On separate axes, draw the graphs of:

a y:%h(m) b y:h(g)

N
If scale factor > 1,

the graph 1s elongated.
If 0 < scale factor < 1,

the graph 1s compressed.
y,

=Y

4 A linear function with gradient m 1s vertically stretched with scale factor ¢. Find the gradient of the
resulting line.

5 For each of the following functions f, sketch y = f(z), y =2 f(x), and y = 3 f(z) on the same
set of axes:

a f(r)y=z-1 b f(x)=x?
¢ f(z)=a d fla)=-
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10

11

12

13

14

15

For each of the following functions f, sketch y = f(z), y = % f(z), and y =  f(z) on the
same set of axes:

a flo)=a—1 b f(z) =22 ¢ f(z)=a® d f(z)=1

Sketch, on the same set of axes, the graphs of y = f(x) and y = f(2z) for:
a y=a2 by y=(g;_1)2 C y=(:1?—|—3)2

Sketch, on the same set of axes, the graphs of y = f(xz) and y = f(5) for:
a y=uz° b y=2x ¢ y=(x+2)?

Suppose f and g are functions such that g(x) = f(5x).

a Given that (10, 25) lies on y = f(x), find the coordinates of the corresponding point on
y = g(x).
b Given that (=5, —15) lies on y = g(x), find the coordinates of the corresponding point on

y = f(x).

Find the equation of the resulting graph g(x) when:

a f(x)=x*+2 is vertically stretched with scale factor 2
b f(x) =5 — 3z is horizontally stretched with scale factor 3

¢ f(x) =x2°+8x*—2 is vertically dilated with scale factor %

d f(z) =2z°+x — 3 is horizontally dilated with scale factor 5.

Graph on the same set of axes y = 2%, y = 3z°, and y = 3(z + 1)* — 2.

Describe the combination of transformations which transform y = z? to y = 3(x + 1)? — 2.

Graph on the same set of axes y = 2%, y = s2°, and y = (z+1)* + 3.

Describe the combination of transformations which transform y = 2? to y = 4(z +1)? + 3.

Graph on the same set of axes y = z°, y = 222, and y = 2(z — %)2 + 1.

Describe the combination of transformations which transform y = z° to y = 2(x — %)2 + 1.

Describe the combination of transformations which transform y = z° to y = 2(x + 1)? — 3.
Hence sketch y = 2(z +1)% — 3.

Suppose [ and g are functions such that g(z) = 3 f(2x).
a What transformations are needed to map y = f(z) onto y = g(x)?
b Find the image of each of these points on y = f(x):
I (3, —H) i (1, 2) i (=2, 1)
¢ Find the point on y = f(x) which maps onto the image point:
i (2, 1) i (=3, 2) im (=7, 3)
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Example 3

TRANSFORMATIONS OF FUNCTIONS (Chapter 4)

o) Self Tutor

The function g(z) results when y 1 is transformed by a vertical stretch with scale factor 2,
I

followed by a translation of ( _32 ) :
a Write an expression for g(x) in the form g(z) = MIS.
CI
b Find the asymptotes of y = g(x).
¢ Sketch y = g(x).
a Under a vertical stretch with scale factor 2, f(x) becomes 2 f(x).
L becomes 2(1) _Z
€I I €I
Under a translation of ( _32 ) , f(z) becomes f(x —3)— 2.
2 becomes - 2.
x T — 3
So, y =~ b =2 2 r A
0, Y=~ DCECOMEs g () - — 3 g(x) is a rational function
_2-2(z—3) which is linear
T — 3 . linear )
_ —2x+8
r—J3
b The asymptotes of y = 1 oare z= 0 and y = 0.
I
These are unchanged by the stretch, and shifted ( _32 ) by the translation.
the vertical asymptote 1Is © = 3 and the horizontal asymptote 1s y = —2.
C AY

+ b . 1 .
o , the function that results when y = — 1s transformed by:
I

16 Write, in the form y =

CIL -

a vertical dilation with scale factor %

a horizontal dilation with scale factor 3
a horizontal translation of —3

O n T o

a vertical translation of 4.
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17 The function g(x) results when y = !

— 1is transformed by a vertical stretch with scale factor 3,
£

followed by a translation of ( _11 ) .
ar + b

Write an expression for g(x) in the form g¢(x) = —
C

Find the asymptotes of y = g(x).

State the domain and range of g(x).
Sketch y = g(x).

O n O o

For a vertical stretch with scale factor p, each point on the function 1s moved vertically so it is
p times as far from the z-axis.

1 Using this definition of a vertical stretch, does it make sense to talk about negative values of p?
2 If a function is transformed from f(z) to — f(x), what transformation has actually occurred?

3 What combinations of transformations would transform f(z) to —2f(x)?
L

What can we say about y = f(qx) for:
a g=-1 b ¢<0, qg# —17?

C REFLECTIONS
INVESTIGATION 3 T———

In this Investigation we consider reflections with the forms y = —f(z) and y = f(—x).
What to do:
GRAPHING
1 Consider f(z) =2z + 3. PACKAGE
a Find in simplest form:
i —f(z) i f(—x)

b Graph y= f(x), y=—f(x), and y = f(—x) on the same set of axes.
2 Consider f(z)=z?+ 1.

a Find in simplest form:
i —f(x) i f(—x)
b Graph y = f(z), y=—f(z), and y = f(—z) on the same set of axes.

3 What transformation moves:
a y=f(z) to y=—f(z) b y=f(z) to y=f(—x)?
From the Investigation you should have discovered that:

e For y=—f(x), wereflect y= f(r) in the z-axis.
e For y= f(—x), wereflect y = f(x) in the y-axis.
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%) Self Tutor

Consider the graph of y = f(z) alongside. Ay

On separate axes, draw the graphs of:
a y=—f(z) b y=f(—=z)

a The graph of y = —f(x) is found by b The graph of y = f(—x) is found by

reflecting y = f(x) in the x-axis. reflecting y = f(x) in the y-axis.
$Y y=f(-x) Y
H
N L Ty= (o)

A
|
o~ -
L]
//”'n
%
*
i 1
%
1 7
%
| |
Fl )
“LY
S5
=Y
A

y=+f(z)
—3 —3
Y Y
EXERCISE 4C
1 Consider the graph of y = f(x) alongside. YA
On separate axes, draw the graphs of:
a y=—f(z) b y=f(—x) y=J(@) 3
PRINTABLE
GRIDS
3 P 3 >
-3
Y

2 Copy the following graphs for y = f(z) and sketch the graphs of y = —f(x) on the same axes.
a YA b AY C AY
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3

10

11

Copy the following graphs of y = f(x) and sketch the graphs of y = f(—xz) on the same axes.

a AY o YA
1
£ s
D— = < N >

\J \J

On the same set of axes, sketch the graphs of y = f(z) and y = —f(z) for:

a f(x)=3x b f(z)=2" ¢ f(z)=a°-2 d f(z)=2(z+ 1)
a Find f(—=x) for:

i f(z)=2x+1 i f(z)=2*+2zx+1 i f(x) = 2?
b Graph y = f(z) and y = f(—=x) for:

i f(z)=2x+1 i f(x)=2°+22+1 i f(z) = a?

The function f(z) = z* — 2x° — 32% + 5z — 7 is reflected in the y-axis to g(x). Find g(z).

The function y = f(x) is transformed to g(z) = —f(x).
a Find the image points on y = g(x) corresponding to the following points on y = f(x):

i (3,0) i (2, —1) i (-3, 2)
b Find the points on y = f(x) which are transformed to the following points on y = g(x):
i (7, —1) i (=5, 0) i (-3, —2)

The function y = f(x) is transformed to h(x) = f(—x).
a Find the image points on y = h(xz) for the following points on y = f(x):

i (2, —1) i (0, 3) i (-1, 2)
b Find the points on y = f(x) corresponding to the following points on y = h(x):
i (5, —4) i (0, 3) i (2, 3)

A function f(z) is transformed to the function g(z) = —f(—z).
a What combination of transformations has taken place?
b If (3, —7) lieson y = f(x), find the transformed point on y = g(x).
¢ Find the point on f(x) that transforms to the point (—5, —1).

Let f(z)=xz+ 2.
a Describe the transformation which transforms y = f(z) to y = —f(x).
Describe the transformation which transforms y = —f(x) to y = —3 f(x).

Hence draw the graphs of y = f(z), y = —f(x), and y = —3 f(x) on the same set of axes.

Let f(z) = (x—1)* —4.
a Describe the transformation which transforms y = f(z) to y = f(—=z).

b Describe the transformation which transforms y = f(—z) to y = f(—3z).

¢ Hence draw the graphs of y = f(x), y = f(—x), and y = f(—%ﬁ?) on the same set of axes.
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12 Graph on the same set of axes y = z*, y = —2%, and y = —(x +2)* + 3.

Describe the combination of transformations which transform y = z? to y = —(x +2)* + 3.
1 1 1
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